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DONALDSON INVARIANTS OF 4-MANIFOLDS
WITH SIMPLE TYPE

RONALD FINTUSHEL & RONALD J. STERN

1. Introduction

The Donaldson invariant of a smooth simply connected 4-manifold X
with odd b > 3 is a linear map

Dx : A(X) = Sym,(Ho(X) ® Hy(X)) -+ R

defined on the graded algebra A(X), where elements of H;(X) are de-
fined to have degree ;(4—1). Since its presentation by Simon Donaldson
[8], this invariant has proven indispensible for distinguishing smooth
4-manifolds with the same homotopy type. Roughly, if z € Ho(X),
a € Hy(X), and z = o®z® € A(X) has degree d, one can define Dx by
the formula
Dx(2) = (u(e)*u(2)", [ME]),

where [M?%] is the fundamental class of the (compactified) 2d-dimensio-
nal moduli space of anti-self-dual connections on an SU(2) bundle over
X,and p : H,(X) = H**(M?%) is a canonical homomorphism. The in-
stanton moduli spaces M?% have formal dimensions congruent to
~3(1 + b%) (mod 4), and Dy is defined to be 0 in degrees other than
(1 +b%) (mod 4).

Despite its utility, the Donaldson invariant has proven difficult to
evaluate, and its general form has remained elusive. In this paper we
investigate the general structure of this invariant through a study of its
behavior in the presence of embedded spheres. A turning point in the
study of the invariants arose with the results of P. Kronheimer and T.
Mrowka [24] concerning the structure of the Donaldson invariants un-
der the technical assumption of “simple type.” This assumption states
essentially that for the generator z of Hy(X) and arbitrary z € A(X),
Dx(z?2) = 4Dx(z). Their results are obtained through a study of
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connections with singularities at an embedded surface of positive self-
intersection. It turns out that our study also gives a rather full under-
standing of the form of the Donaldson invariants, as well as determin-
ing strong lower bounds for the number of positive double points for
immersed representatives of 2-dimensional homology classes, for simply
connected smooth 4-manifolds with simple type. Further, we show that
many manifolds do indeed have simple type; in particular all elliptic sur-
faces, complete intersections, and certain branched covers of CP? and
52 x S? have simple type (cf. Theorem 3.9). To prove our results we
use gauge-theoretic “neck-stretching” arguments which involve splitting
a 4-manifold along a 3-manifold and analyzing how the moduli spaces
of anti-self-dual connections over the 4-manifold decompose into pieces.
The complexity of these arguments is proportional to the complexity of
the character variety of the 3-manifold along which the 4-manifold is
split. In this paper we split along the most elementary 3-manifolds, the
lens spaces L(p, 1), with the most elementary nontrivial character vari-
ety, a finite collection of points. This accounts for the relative simplicity
of the arguments of §4.

Given a simply connected 4-manifold X of simple type we study the
formal power series Dy : H,(X) — R, the Donaldson series of X [24],
defined by

Dx(a) = Dx((1+ 3) exp(a)).

It is also convenient to define the formal power series Ky =
exp(—Q/2)Dx on Hy(X), where @Q is the intersection form of X. There
are also Donaldson invariants corresponding to SO(3) instanton mod-
uli spaces and corresponding formal series. These depend on an SO(3)
bundle P over X and an integral lift ¢ € H,(X; Z) of (the Poincaré dual
of) the second Stiefel-Whitney class ws(P). The corresponding invari-
ants are denoted Dx . and Dx .. The structure theorem of Kronheimer
and Mrowka is:

Theorem (Kronheimer and Mrowka [24], [25]). Let X be a simply
connected 4-manifold of simple type. Then the following hold:

(i) There exist finitely many homology classes k1, ... , K, € Ho(X, Z)
and nonzero rational numbers a,, ... , a, such that

Dx = exp(Q/2) Zase"’

as analytic functions on Hy(X). Each of the ‘basic classes’ x5 is char-
acteristic, i.e., Ky - =z -z (mod 2) for all z € Hy(X;Z).



DONALDSON INVARIANTS OF 4 MANIFOLDS 579

Further, suppose ¢ € Hy(X;Z). Then

14

Dx. = exp(Q/2) Z(—l)(cz+“"c)/2ase“’

s=1

(ii) Ifu € Hy(X;Z) is represented by an embedded surface of genus
g with self-intersection u? > 0, then for each s

29 — 2> u’ + |k, - ul.

Here we view the homology class x; as acting on an arbitrary ho-
mology class by intersection, i.e., k;(u) = kK, - u. The main goal of
this paper is to give an alternative proof of part (i) of this theorem
without using the theory of singular connections. Instead, by studying
immersed 2-spheres in manifolds X of simple type, we are able to show
that the formal power series Kx satisfies a system of homogeneous lin-
ear ordinary differential equations with constant coefficients and distinct
characteristic roots. This is our key result. It follows that the formal
power series K x is an analytic function, in fact a linear combination of
exponentials. This proves (i).

Because we are working with immersed spheres rather than embed-
ded surfaces, our version of part (ii) of the structure theorem is slightly
different. It turns out that the characteristic roots of the system of
ordinary differential equations which are satisfied by Kx are geometri-
cally significant, and as a corollary to their computation we have the
following version of (ii):

Theorem 1.1. Let X be a simply connected 4-manifold of simple
type and let {k,} be the set of basic classes as above. If u € Hy(X; Z) is
represented by an immersed 2-sphere with p > 1 positive double points,
then for each s

(1) 2p -2 >u? + |k, - ul.

Theorem 1.2. Let X be a simply connected 4-manifold of sim-
ple type with basic classes {ks} as above. If the nontrivial class u €
H,(X;Z) is represented by an immersed 2-sphere with no positive dou-
ble points, and

{ks]ls=1,...,2m}

is the collection of basic classes which violate the inequality (1), then
ke +u = Fu? for each such k,. Order these classes so that ks - u =
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—u(>0) fors=1,...,m. Then

m m
> agemt — (—1)@+8x)/2 Zase"‘"“ =0.
s=1 s=1

The above theorems are at the same time weaker and stronger than
part (ii) of Kronheimer and Mrowka’s theorem. Because one can always
desingularize a double point, (ii) is stronger than the above theorems for
classes of nonnegative self-intersection, where Kronheimer and Mrowka’s
theorem applies. However our theorems apply as well to classes of neg-
ative self-intersection.

Because we have avoided the use of singular connections, our proof
of the structure theorem is reasonably short. This paper is not self-
contained in that it uses techniques of C. Taubes in determining Mayer-
Vietoris formulas for the Donaldson invariant when splitting off the
neighborhood of an embedded 2-sphere. (See §4.) A relatively short
proof of these formulas from first principles is provided by the thesis of
W. Wieczorek [39]. Combined with this paper, it gives a rapid approach
to the structure theorem.

As we have stated, our method is to study the effect on the Donaldson
series of an embedded sphere with negative self-intersection. To parlay
this into an understanding of the effect of an arbitrary immersed sphere
we need to understand how blowing up a 4-manifold, i.e., forming the
connected sum X #6132, alters the Donaldson series. We have given
such a formula in [14]. Under the simple type assumption, our result
states that for ¢ € Hy(X;Z), K, ,ep2, = Kx,ccosh(e) where e €

H, (6‘?2; Z) is (the dual with respect to the intersection form of) the
exceptional class. Further K, 4TP2 ope = —Kx . sinh(e). It is then easy
to compute the Donaldson series for what turn out to be important 4-
manifolds for our theory, the simply connected elliptic surfaces without
multiple fibers and with Euler characteristic 12n, denoted E(n). In
particular we show that

Kp(n) = sinh™*(f),

where f € Hy(E(n)) is the homology class of a generic fiber. There are
corresponding computations for the SO(3) Donaldson series.

With these important computations under our belt, we begin the
gauge theory which will evolve into showing that the formal power se-
ries Kx satisfies a system of homogeneous linear ordinary differential
equations with constant coefficients. At bottom, we show that the Don-
aldson invariant for arbitrary smooth 4-manifolds, when evaluated on
products of powers of a homology class @ € H,(X) which is represented
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by an embedded sphere and arbitrary z € A(a'), satisfies specific rela-
tions with coefficients that only depend upon the self-intersection of the
homology class. It is here that we rely upon recent work of C. Taubes
([35],{36],{37],{38]) to give us techniques for calculating Donaldson in-
variants in the presence of reducible connections. As we have pointed
out above, we are able to avoid the complete generality of Taubes’ the-
ory because we are splitting along lens spaces.

Our main results concerning the structure of the Donaldson invari-
ants for manifolds with simple type are a formal consequence of these
fundamental relations. First, we translate these relations into relations
among the derivatives of Kx with respect to & when evaluated on classes
orthogonal to a. We then use the blowup formula to extend these dif-
ferential equations to all of H3(X). The universality of the coefficients
in our fundamental relations implies that coefficients of these equations
are constant. Utilizing the specific computations for the elliptic surfaces
and their blowups, it is then an easy task to compute characteristic roots
of our differential equations.

The next step is to choose a basis for the homology of X, represent
this basis by immersed 2-spheres, and then blow up X until all these
immersed spheres are represented by embedded spheres. The homol-
ogy class of the immersed sphere changes under this operation, but the
change depends only on the number of positive double points of its im-
mersion. Using the blowup formula we see that Kx satisfies a system of
constant coefficient homogeneous linear ordinary differential equations
whose coefficients now only depend upon the self-intersection of the ba-
sis elements and the number of positive double points in their immersed
representatives. The main results follow from this.

This gives a rather complete qualitative description of the Donaldson
series as well as strong lower bounds for the number of positive double
points for immersed representatives of 2-dimensional homology classes
under the assumption of simple type. Our blowup formula {14] and
fundamental relations for embedded spheres (Theorem 4.8) are proved
without the assumption of simple type, and the formal aspects of the
argument to determine the existence of the basic classes can be ex-
tended to give results concerning arbitrary simply connected smooth
4-manifolds. However, it could very well be that any simply connected
smooth 4-manifold with b+ > 1 has simple type.

2. The Donaldson invariant

In this section we outline the definition of the Donaldson invariant.



582 RONALD FINTUSHEL & RONALD J. STERN

We refer the reader to [8] and [11] for a more complete treatment. Given
an oriented simply connected 4-manifold with a generic Riemannian
metric and an SU(2) or SO(3) bundle P over X, the moduli space of
gauge equivalence classes of anti-self-dual connections on P is a manifold
M x (P) whose dimension is

8¢y(P) — 3 (1 +b%)
if P is an SU(2) bundle, and is
—2p:(P) — 3(1 +b%)

if P is an SO(3) bundle. It will often be convenient to treat these two
cases together by identifying Mx(P) and Mx(ad(P)) for an SU(2)
bundle P. Over the product Mx (P)x X there is a universal SO(3) bun-
dle P and there results a homomorphism u : H;(X) — H*"{(Mx(P))
obtained by decomposing the class —ip; (P) € H*(Mx x X). (Ho-
mology is always taken to have real coefficients unless it is otherwise
adorned.) The basic idea of Donaldson’s theory is that one should eval-
uate cup products of classes in the image of p against the fundamental
class of Mx(P). To do this, one first needs to orient M x(P). This is
accomplished by orienting H2(X) (see [9]). If P is an SO(3) bundle,
we fix an integral lift of w,(P) € H%(X;Z,) and always identify such a
lift with its Poincaré dual ¢ € Hy(X'; Z). The Pontryagin number p, (P)
is congruent to ¢? (mod 4). If ¢ and ¢’ are two integral “lifts” of w,(P),

c—c’

then the difference in induced orientations is given by (—1)("=)*. We
say that ¢ and ¢’ are equivalent if they are congruent (mod 2) and

(—1) 3)® = +1. The combination of the orientations of X and H?(X)
together with an equivalence class ¢ of lifts of w,(P) is called a “ho-
mology orientation” of X. (In case P is an SU(2) bundle, one chooses
¢ = 0.) For a Kéhler surface X with Kahler class Kx, there is a natural
orientation induced from the Kahler structure and a choice of a lift ¢
gives an orientation which differs from this one by (—1)&(¢*+e-Kx) [g].
The moduli space M x (P) is, in general, noncompact and needs to be
compactified before a fundamental class can be defined. The Uhlenbeck
compactification M x (P) is well-suited to this. However, this compact-
ification is a stratified space and is not usually a manifold. Thus, to
define a fundamental class one needs to insure that the singular set
has codimension at least 2. This turns out to be the case where ei-
ther wy(P) # 0 or we(P) =0, d > 2(1 + b%). In practice, one is able
to get around this latter restriction by blowing up X and considering
bundles over X #tTI_’z which are nontrivial when restricted to the ex-
ceptional divisor [29]. In [19] it is shown that for & € Hy(X;Z) the
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classes p(a) € H*(Mx(P)) extend over Mx(P). When b% is odd,
dim Mx(P) is even, say equal to 2d. In fact, a class ¢ € Hy(X;Z)
and a nonnegative integer d = —c? + (1 + b*) (mod 4) determine an
SO(3) bundle P, ; over X with w,(P,4) = ¢ (mod 2) and formal di-
mension dim Mx (P, 4) = 2d. For @ = (ay,...,aq) € Hy(X;Z)?, write
p(@) = plag) U--- U p(ay). Then one has

(@) Fx(Poal) = [ (@

when p(&) is viewed as a 2d-form.

If 1] € Hy(X;Z) is the generator, then v = p([l]) = —ip1(B) €
H*(Mx(P)) where § is the basepoint fibration Mx(P) = Mx(P)
with My (P) the manifold of anti-self-dual connections on P modulo
based gauge transformations, i.e., those that are the identity on the
fiber over a fixed basepoint. The class v extends over the Uhlenbeck
compactification Mx (P) if wy(P) # 0, and in case P is an SU(2)
bundle, the class will extend under certain dimension restrictions. Once
again, these restrictions can be done away with via the tricks mentioned
above [29].

Consider the graded algebra

A(X) = Sym, (Ho(X) ® Ha(X))

where H;(X) has degree (4 — i). The Donaldson invariant D, = Dx
is then an element of the dual algebra A*(X), i.e., a linear function

D.:A(X)—>R.

This is a homology orientation-preserving diffeomorphism invariant for
manifolds X satisfying b% > 3. Throughout this paper we assume
b% > 3 and odd.

We let z € Hy(X) be the generator [1] corresponding to the orienta-
tion. We shall reserve the use of 1 € A(X) to denote the unit in degree
0. In case a +2b = d > 3(1 + b%) and a € Hy(X),

D.(a"z") = (u(a)*’, [Mx(P.a))-
It will be convenient to extend p over A(X), and write for z € A(X)
of degree d, D.(z) = (u(z), [M x(P.4)]). Since such moduli spaces
Mx (P, 4) exist only for d = —¢ + ( + b%) (mod 4), the Donaldson
invariant D, is defined only on elements of A(X) whose total degree
is congruent to —c* + (1 + b%) (mod 4). By definition, D, is 0 on all
elements of other degrees. We say that

deg D, = —c* + %(1 +b%) (mod 4).
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When P is an SU(2) bundle one simply writes D or Dx.

If Y is a simply connected 4-manifold with boundary, one can sim-
ilarly construct relative Donaldson invariants. A good reference for
this is [28]. One formally works with bundles over the manifold Y U
(8Y x [0,00)) with a cylindrical Riemannian metric on the end. Since
the notation would become cumbersome if this were always denoted,
we shall denote both ¥ and Y U (0Y x [0,00)) by “Y”. Each based
finite energy anti-self-dual connection A on a G = SO(3) or SU(2)
bundle P over Y is asymptotically flat and has a well-defined bound-
ary value 04 € Rs(9Y), the variety of G-representations of m(9Y).
(We identify based gauge equivalence classes of flat connections with
representations.) We let x4(9Y) denote the character variety Rg(9Y)
modulo conjugacy. In general, connections in cylindrical end moduli
spaces need not decay exponentially to 0A (cf. [28]). However, in this
paper all such decay is exponential, since we shall be working with man-
ifolds Y for which x¢(9Y) is a finite nondegenerate set {);}. We shall
denote by My (P) the moduli space of based finite-action anti-self-dual
connections on P which decay exponentially to a flat connection on 9Y .
The map 8 : My (P) - R(8Y) is continuous and SO(3) equivariant
[28], and so it induces a continuous map 8 : My (P) — xg(8Y). Recall-
ing that xg(9Y) is a finite set {);}, we denote by My (P)[)\;] the union
of the components of My (P) consisting of connections whose boundary
value is in the conjugacy class A;. Again, there is a compactification
of My(P)[)\;], the Uhlenbeck/Floer compactification, which carries a
fundamental class. The classes p(a) and v are defined as well in this
cylindrical end situation, and in the obvious way we have the relative
Donaldson invariants

DY,cP\i] : A(Y) — R.

Note here that we are viewing ¢ € H,(Y,0Y;Z). Now suppose that
X =Y, UY; with 8Y; = —9Y; a 3-manifold with, say xg(9Y;) a finite
set {\;}. Consider a G bundle over X with an integral lift ¢ € H»(X; Z)
of wy. Let ¢; be integral lifts of wo|y,. Assume that H,(8Y;;Z) = 0.
Then
Hy(X;Z) = Hy(Y,,8,Z) ® Hy(Y>,0;Z)

is injective, and we can unambiguously write ¢ = ¢; + ¢;. If u; € A(Y))
for ¢ = 1,2 then

DX,c(u17u2) = (DYhCnDYz,Cz)(ul’u?) = ZDYl,Cl[ki](ul)'DYz,Cz[ki](u2) .
A

Generally, if Y is a homology sphere, even though xg(3Y) may
not be discrete, one obtains formulas as above through the use of Floer
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homology HF,(9Y') [16], 1], [10]. In this case one has relative invariants
Dy.: A(Y) — HF,(Y).
It is then a theorem of Donaldson that if bf, > 0 for both 4,
Dx (1, u2) = (Dyy e, (u1), Dy o5 (42)),

where the pairing is the Kronecker pairing of HF;(dY;) with
HF,(~8Y;) = HF5_,(9%3).
Following [24], one considers the invariant

DX,C : Sym*(Hg(X)) - R

defined by Dy .(u) = Dx .((1+ Z)u). Whereas Dx . can be nonzero only
in degrees congruent to —c® + (1 +b*) (mod 4), Dx,. can be nonzero

in degrees congruent to —c* + 3(1+b%) (mod 2). The Donaldson series
D, = Dy is defined by

DX,c(a) = DX,c(eXp(a)) = i I_D—X;#_l

for all @ € Hy(X). This is a formal power series on Hy(X).

A simply connected 4-manifold X is said to have simple type if the
relation Dy (2% z) = 4 Dx (z) is satisfied by its Donaldson invariant
for all z € A(X) and all ¢ € Hy(X;Z). This important definition
is due to Kronheimer and Mrowka [24] and was observed to hold for
many 4-manifolds. In terms of Dx,c, the simple type condition is that
Dx(2z) = 2Dx.(2) for all z € A(X) and all ¢ € Hy(X;Z). The
assumption of simple type assures that for each ¢, the complete Don-
aldson invariant Dy . is determined by the Donaldson series Dx .. Fur-
ther, as we observed in [14], the simple type condition naturally arises
when certain Weierstrass elliptic functions associated with the Donald-

son invariant of X #(_TF2 degenerate. It is an open question whether all
4-manifolds are of simple type. As we shall see (Corollary 3.11), all man-
ifolds which contain a copy of the Milnor fiber B(2,3,7) of the (2,3,7)
Brieskorn singularity have simple type. This includes, for example, all
simply connected elliptic surfaces with p, > 1. We shall show in Theo-
rem 5.14 that X has simple type provided that the condition D (z z?)
is satisfied for its SU(2) invariant (with no a priori conditions placed on
other invariants Dy .). This result has also been proved independently
by Kronheimer and Mrowka.

We conclude this section with some conventions regarding symmet-
ric functions. Two important symmetric functions are the degree d
homogeneous part of the Donaldson invariant, D§;{’c € Sym?(H,(X)),
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and the intersection form of X, Q € Sym?(H,(X)). Further, for each
a € Hy(X;Z) there is the dual form & € Sym!(H,(X;Z)) defined by
&(fB) = o+ 8. We will usually drop the “tilde” and identify each o with
its dual. Of course, we can also identify & with the Poincaré dual of
@, i.e., as an element of H?(X). Beware that if @ € H,(X), there is
the possible, but unlikely, opportunity for confusion between use of the
same notation for the degree 2 element o € A(X) and the intersection
number a? = a-a. If ¢; € Sym®* (Hy(X)) for ¢ = 1,2, then the product
192 € Sym®+92(H,(X)) is defined by

(101(102(‘117 s ’ad1+d2) =
1
o(1)r -3 Qo(d; o geeey Uy .
(dl + dz)! esz: 7 (a @ ) Sold )) ¥z (a (d1+1) ’ (d1+d2))
O&Ody+dy

where Sy, 14, is the symmetric group on d; + d, letters.

3. Elliptic surfaces without multiple fibers

The smooth simply connected elliptic surfaces E(n) without multiple
fibers are classified up to diffeomorphism by their holomorphic Euler
characteristic, x(E(n)) = n, or alternatively by their Euler number 12n.
With this notation, the K3-surface is £(2). The Donaldson invariants
for E(n), n > 2, are important for our theory. In this section we show
how the blowup formula [14] and a particular inductive construction
of E(n) from E(n — 1) allow the full computation of their Donaldson
invariants. In particular we show that each E(n), n > 2, has simple
type and

Theorem 3.1. The Donaldson series of the elliptic surfaces E(n)
are given by

Dgmy,e = (~1)%(C2+("_2)c'f) exp(Q/2)sinh® () ifc-f =0 (mod 2),
Dz, = (—1)%(024'("_2)‘:'” exp(Q/2) cosh® ?(f) ifc-f =1 (mod 2),

where f € Hy(E(n); Z) is the homology class of the fiber.

3.1. Manifolds split by ¥(2,3,11)

Let X be an oriented simply connected 4-manifold with b+ odd and
> 3. Suppose that X = X; U X, with 0X; = —9X, = ¥ an integral
homology 3-sphere. As we mentioned in the last section, it is a theorem
of Donaldson that if both X; and X, have 67 > 0, then the Donaldson
invariants of X may be expressed as a pairing

(2) DX,c: (DX1,017DX2762>
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where the Dy, ., are relative Donaldson invariants, taking their values
in the Floer homology of ¥ (and ¢ = ¢; + ¢2). Now assume in addition
that X has simple type and that ¥ = (2, 3,11), the (2,3,11)-Brieskorn
homology 3-sphere. We shall see in §3.4 that the simply connected
elliptic surfaces with p, > 1 can be split in this way. The fact that is
needed about (2, 3,11) is that its Floer homology is uncomplicated, as
is shown in [12].

Lemma 3.2. The Floer homology HF,(X(2,3,11)) is a copy of Z
in odd dimensions and vanishes in even dimensions.

Let A; denote the generator of HF,(X(2,3,11)) in dimension j, and
let Dy, .,[A;] denote the relative invariants in HF;(3(2,3,11)). Let ¢ =
c1 + o € Hy(X132Z) @ Hy (X323 Z) = Hy(X;Z), and let u; € A(X;) have
degree d;. Suppose that d; + dy = deg Dx . (mod 2). Let

Ji = —2d; —2¢; —3(1+b%,) (mod 8).

Then j; = —3 — j2 (mod 8); so, letting 7 = j; we have

(Do (L4 Z)ur), Dy en (1 + 2 )uz))

2 2
T
:<DX1,c1 [)‘j](ul) + Dxl,cl [)‘j+4] (Ul —2‘),
T
DX2,62 [)‘j](u2) + DX2,02 [)‘j+4]('U«2 5))
=2 Dx,c(ul’u«2),

since X has simple type.

To correct for this factor of 2, we view the Floer homology of
3(2,3,11) as Z4-graded. The generators of the Floer homology are
then ¢ in dimension 1 (mod 4) and 4 in dimension 3 (mod 4). So o
corresponds to \; and A; and 8 to Az and A\;. If j; = —3 — 7, (mod 4),
then for v = & or 8 we have

(Dxl,cl [7] (ul)7 DX2,62 [7] (u2)) = (DXl,Cl [)‘jl](ul)ﬂ DX2,62 [)\]2](’(1,2))

= Dx,c (Ul uz);
for j; = —3 — 7, (mod 8), and
(Dxl,cl [7](“1)7DX2,C2 [7](“2» = (DX1701 [)‘jl+4](ul %)9DX2,62 [)‘]2](U2))
= (Dxy M) (@), Dt calNiaal (12 5))

A

== DX,c(U1U2)-
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for j; +4= -3 — j, (mod 8).
In other words, if j; = -3 — jo = 1 (mod 4) then

Dx,o(urus) = (Dx; 1 [0)(w1), Dxs,ca0](u2))
and if j; = —3 — j, =3 (mod 4) then

DX,c(u1u2) = (DX1,61[:8](U‘1)7DX2,02[:8](U2)) .

Lemma 3.3. The Donaldson series of the above X is given by
DX,C = (DXl,Cl [a]7DX2,62[a]> + (DX1,01 [IB]’DX2,C2 [,B]) .

The pairing of these relative Donaldson series is multiplication of the
corresponding formal power series.

Next suppose that as before, X has simple type and that X = X; U
X, with 8X; = —0X, = %(2,3,11), but now assume that by = 0
and b% > 0. The Mayer-Vietoris argument that gives Donaldson’s
theorem (2) is now complicated by the fact that there may be reducible
connections on X;. Each of these will have as boundary value the trivial
flat connection ¥ over %(2,3,11). However, in the next lemma we see
that these reducible connections cause problems in only half the possible
cases.

Lemma 3.4. Suppose that X = X, U X, with 80X, = —0X, =
$(2,3,11), and assume that b = 0 and by, > 0. Let ¢; € Hy(X;;Z),
1 =1,2. If u; has degree d; in A(X;) and d; # ¢ (mod 2), then

DX,01+02 (u1u2) = (DXl,cl [IB](U’I)7 DXz,cz [,3](’!1,2))

Proof. The proof will use techniques which are discussed at more
length in §4. These techniques show that contributions to Dx ¢, 1, (u1u2)
arise from products of based moduli spaces Mx, [¢] X Mx,[¢], divided
out by the diagonal SO(3), where ¢ denotes a, 3, or . We are concerned
with the case { = . Since the stabilizer of 4 is 3 (> 0)-dimensional, a
counting argument shows that the divisor corresponding to u; does not
intersect M x, [¥] transversely and that the based moduli space M x, [¢}]
contains reducible nontrivial orbits as weak limits. Each of these re-
ducible orbits is a 2-sphere. The class ji(u;) extends to an SO(3) equiv-
ariant cohomology class fi(u;) € chg(a)(Mxl [9]; R) (see [37] and §4).
Since each (based) connection in M x, [¥] has the same asymptotic value,
which we can identify with 1 € SO(3), there is an SO(3)-equivariant
push-forward map

O H§O(3)(MX1 [ R) = Hiom ({11 R).
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This push-forward map is not given by a standard construction because
the fibers of 9 are not compact. The necessary construction is given by
Taubes [38]. The fiber dimension of the map 8 : Mx, — SO(3) is equal
to dim My, [¢9] = —~2c? — 8k for some k. There is similarly a pullback
map

" : H§O(3)({1}§R) - H§0(3)(/\;1X2[?9];R)~

Furthermore, since SO(3) acts freely on My, [9], there is an isomor-
phism
T H*(MX2 [19]7 R) = H;'O(Z})(sz [19]7 R)

Then the corresponding contribution to the Donaldson invariant is ob-
tained from the pairing (7*8*8.A(u1) U p(uz), [Mx,[9]]), which is de-
fined by integration. (Again, see [35], [36], [37], [4] and §4 for this.)
However, under the hypothesis of the lemma, 2d; + 2¢} = 2 (mod 4);
S0

Oufi(w) € HELHHH (1) R) = H24+2H48(BSO(3); R) = 0.

This means that the boundary value ¥ does not contribute to the calcu-
lation of the invariant Dx ., 4, (u1u2). The correct boundary value lives
in HF;(X(2,3,11)), where

j=—(2c +3+2d))=—(2+3) (mod 4).

Thus it must be 3.

3.2. Embedded —2-spheres and Donaldson invariants

We next study 4-manifolds which have a homology class o represented
by an embedded 2-sphere S of self-intersection 0? = —2. We shall see
that such a class has a profound effect on the Donaldson invariants of
X. Let {0)* denote {a € Hy(X)|o-a =0} and let

A(oh) = Ax(o") = Sym.(Ho(X) ® (0)") .

We begin by reviewing two basic relations proved in [14]. The first is
due to D. Ruberman.

Theorem 3.5 (Ruberman [32]). Suppose that o € H,(X;Z) with
0? = —2 is represented by an embedded sphere. Let c € Hy(X;Z) satisfy
c-0 =0 (mod 2). Then for all z € A(o*+) we have

D.(0%2) = 2Dy, (2).

We also need a formula for spheres of square —3.



590 RONALD FINTUSHEL & RONALD J. STERN

Theorem 3.6. [14] Suppose that o € Hy(X;Z) is represented by an
embedded 2-sphere with self-intersection —3. Let ¢ € Hy(X;Z) satisfy
c-0 =0 (mod 2). Then for all z € A(ct) we have

DC(O'Z) = _Dc+c (Z)

In [14] we also showed

Proposition 3.7. [14] Suppose that 0 € Hy(X;Z) is represented by
an embedded 2-sphere with self-intersection —2, and let ¢ € Hy(X;Z)
with ¢- 0 =0 (mod 2). Then for all z € A(c?)

D.(0*2) = —4 D.(0®>z2z) — 4D () .

For a 4-manifold X and a class k € Hy(X;Z), let Diff, (X) be the
group of orientation-preserving diffeomorphisms f of X which satisfy
f+(k) = k. Also, let Aut(X) be the group of automorphisms of H,(X; Z),
which preserve the intersection form ). Then X is said to have a big dif-
feomorphism group with respect to  if the image of Diff, (X)) in Aut(X)
has finite index. For example, the simply connected minimal elliptic sur-
faces with p, > 1 have a big diffeomorphism group with respect to their
canonical class [19]. From the assumption of big diffeomorphism group
with respect to x it follows that for each d, the degree d homogeneous
part DXc of the Donaldson invariants Dx . and Dx (%) (and hence

D x,) are polynomials in the intersection form @ and the class x when
viewed as linear maps Sym, (H»(X)) — R. If 2(1 +b%) = 0 (mod 2),
we can then write

d d—1 2 d—t 2t
1 _pes _ Q Q L Q K
(2d) Caq t g o Tt e g — 1 20)]
de
+e+ Czd@d—)!,
and if 2(1 4+ b%) =1 (mod 2) we can write
1 (2d+1) _ Qd d—t ﬁ2t+1
(2d + 1)! D™ = eugggn+ o+ can 2d-t(d — ¢)! (2t + 1)!
ﬁ2d+1
+eet Czd+1m-

The crucial fact here is that if X contains an embedded 2-sphere of self-
intersection —2 which is orthogonal to x, the coeflicients c; are indepen-
dent of the homogeneous degree. Related results were first observed by
Peter Kronheimer (unpublished).
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Proposition 3.8. Suppose that o € H, (X;Z) is represented by an
embedded 2-sphere, and suppose also that 0> = —2 and o -k = 0. Then
the coefficients c; above are zndependent of the homogeneous degree d of
D(d). Similarly, if we express DXw as a polynomial in (J and k with
coeﬁficients c;, and if also w-0 = 0 (mod 2), then the ¢ are independent
of the degree d of Dg}iy)w.

Proof. To fix notation, assume that £(1+4 b%) =0 (mod 4). Write

1 Qd—l Qd 2 I‘62
D(2d 2) _
(2d — 2)! = Q@) T g
Consider an a € H,o(X) which satisfies -0 = a - K = 0. Then
A 2d—2 2 | Q% sl 2
_Dx(a O') = (2d)com(a (o2 )
(2d)lcod-21(2d — 2)! 4 1, 249 2
s e R LICE
_ 200(2d 2) d—1(,2d-2
But, by Theorem 3.5 we have
. - c:)

-DX (a2d_20'2) =2 DX’a(azd_z) = 2(2d - 2)' Qd_l (C¥2d_2).

94-1(d — 1)!
Thus ¢ = —c¢p.

Next take € Ho(X) with 2 =0,8-s=1,and f-0 =3 -a =0.
Then for j > 1

. . . K2 . o
DX(a2d—2j—2B2jo_2) — (2d) T ](d j) Qd—j 57 (a2d-—2j—2ﬁ230_2)

J:
(2d 25 — 2)! d—j—~17 2d—2j—~2
_C2j2d_j_2(d—-j—1)!Q I a7

9 IjX,a- (a2d_2jﬁ2)
(2d — 2§ — 2)!

o : d—j—1( 2d—2j—2
= c2i2d—j—2(d—j—1)!Q (o )

Thus c’2j = —cy; for all j > 0.
We now perform the same procedure on the SO(3)-Donaldson invari-
ants Dx ,. Write

1 g Qd—2 Qd—3 K2
D(2d 4) — M " o
@d—a1 X Cogaeg_a) | “22i3(g—3) 2

+....
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Note that Theorem 3.5 implies that for all z € A(ot),
Dixo(0°2) = 2Dx,2,(2) = 2(~1)" Dx(2) =2 Dx(2).

Using the expansion of 155?"—4’ and applying Theorem 3.5, we get

3 2d—4 2 _ d—
Dy ,(a o%) = (2d-2)! ___._2d D Qi (a4 40?)
! (2d 4)- d—2¢ 2d—4 3 2d—4
_CO2d—3(d_2)!Q (@™%) =2Dx(a™")
cll
— —4)! 0 d—2¢_ 2d—4 .
Thus ¢; = —cg and so ¢g = ¢j. In a similar fashion we obtain that

Ca; = C3; for all 3.
Finally consider D (2d=2) Dg?d)(g). Because X has a big diffeomor-
phism group we can write

1 d—1 d—2 I’:?Z

(2d-2) _ Q . Q s
G Cogiiigo 1) T 2@y T

Proposition 3.7 implies that
Dx(a®¥0*) = -8 Dx (a2d02—2—) 4 Dx(a®).

Expanding as above, and using the fact that c; = ¢y, we have & = co,
and continuing as above, é = ¢; for all <. This completes the proof in
the SU(2) case with 1(1 +b%) = 0 (mod 4). A similar proof suffices
when L(1+0%) £ 0 (mod 4), and the same proof also works in the
SO(3) case.

We now show that such manifolds have simple type. This implies,
for example, that all simply connected elliptic surfaces (with b+ > 3),
complete intersections, and Moishezon [27] and Salvetti [33] surfaces
have simple type.

Theorem 3.9. Let X be a simply connected 4-manifold which has
a big diffeomorphism group with respect to a class k € Hy(X;Z), and
let w € Hy(X;Z). Suppose that 0 € Hy(X;Z) is represented by an
embedded 2-sphere of square —2 such that 0 -5 =0, and 0 -w = 0
(mod 2). Then for all z € A(X), we have Dx ,(z2%) = 4Dx ,(2). If
W+ 2(1+b%) =0 (mod 2) then

D Xw — €Xp Q/2)Z Coiw 7oy 2)‘ ’



DONALDSON INVARIANTS OF 4-MANIFOLDS 593

and if w? + (14 b7) =1 (mod 2) then

I€2z+1

Dx. = exp (Q/2) Zc2z+1w @i+ 1)

Proof. For simplicity of notation, consider the SU(2) case w = 0 with
$(14b%) = 0 (mod 4) as above. Then Proposition 3.8 shows that for

each d = 1(1 + &) (mod 4) the homogeneous invariants D(2d+4)( ) =
D§?d+2) and Dg?d) share the same coeflicients in that

1 ey d Qd—i 521‘
qatx = ; Pigdi(g — 1)1 (20)
1 (2d+4)(_) _ d§c2 Qi K>
(2d+2)!7% 2 LT dHI-i(d 4+ 1 — 1)1 (26)!
The technique of Proposition 3.8 also shows that
1 (2d+8) dz” o Qi+t K>
(2d + 4)! t2d+2-i(d 4+ 2 — §)! (24)!
independent of degree. Thus also,
1 pesa & KM 2d) .
D
i’ Z ©i9d=i(d —4)! (24)! (2d) x i

so Dx ,(2z2%) = 4Dx ,(z). The other cases are similar.
Corollary 3.10. The K3 surface, E(2), has simple type, and

Dg@), = (~1 )Ez— p(Q/2).
Proof. The diffeomorphism group Diff(E(2)) acts on Hy(E(2);Z,)

with exactly 3 orbits, namely {0}, {a # 0Ola® = 0 (mod 4)}, and
{a|a® = 2 (mod 4)}. These are represented by 0, f, and s2, the class of

a section. Thus, keeping in mind the rule D, = (—1)(*
(mod 2), we may assume that c is one of these 3 classes.

In case ¢ = 0 or sy, we let ¢ = s5. If ¢ = f ,then there is a different
elliptic fibration whose section ¢ = s} satisfies s}, - f = 0. Now E(2)
has a big diffeomorphism group (with respect to x = 0); so we may
apply Theorem 3.9 to see first that F(2) has simple type, and second,
that Dg) . = a. exp(Q/2) for some constant a.. For ¢ = 2 (mod 4)
it is known that Dgg)(1) = —1. For ¢® = 0 (mod 4), find a class o
orthogonal to ¢ and represented by an embedded 2-sphere of square —2.
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Then Dg),c(0%) = 2Dg@),c+0(1) = —2 by Theorem 3.5. It follows that
for any ¢, a, = (—1)%°2. Hence we obtain the equation for D g ..
Corollary 3.10 has been known for some time.
Corollary 3.11.  Any simply connected 4-manifold (with b+ > 3
and odd) which contains the Brieskorn manifold B(2,3,7) has simple

type.

Proof. Write X = B(2,3,7) UY with B(2,3,7)NY = 2(2,3,7).
The Floer homology of ¥(2,3,7) is HF,(X(2,3,7)) = Z for i = 3,7
and is 0 in other dimensions [12]. Let A; and A; be generators. If
a; € HQ(B(2,3, 7)) and Qq € HQ(Y) and dl +d2 =d= —‘62 + :.-12‘(1 + b})
(mod 4) and ¢ = cp + ¢y, then
(3)  Dxeloy*es*s®) = (Dpeamn.calNil(ef %), Dy.ey [Ni)(057))
forj=3or 7.

Similarly, E(2) = B(2,3,7) U Ej,. Note that b}, = 1. If j = 3 set
cg =0, and if 7 = 7 let ¢cg be any class in Hy(Fyy; Z) with square —2.
Then since E(2) has simple type,

DE(2)1CB+CE (a?lmj) = (DB(273’7)vCB [A]] (a;i1$2)’ DEID,CE‘ [AJ](1)>
= 4DE(2)1CB+CE (a;il)
= (4 Dp(237),05[M)(@4"), Drso,en[Ai](1)) -

But Dg(y),» (1) = —1 for any ¢’ of square congruent to 2 (mod 4). Thus
DElo,CE[)‘j](l) # 0; so

Dp(,31).e5[Ni)(af'2?) = 4 Dp(a3.7),e5[A] (@4?) -
It then follows from (3) that

Dx C(al agz ) (4DB(237) eslA ‘](atlil)aDY,cy[)‘j](agz»
=4Dx (a®ad)

as required.

3.3. The blowup formula

In [14], formulas were given for D, 4op?. and Dy a5 In terms
of Dx .. (Here e denotes the exceptional class.) Restricting to the case
of manifolds of simple type, the following formulas were obtained.

Theorem 3.12. [14] Suppose that X has simple type and ¢ €
Hy(X;Z). Then the Donaldson series of X#C?z are

2

e
DX#EP‘2,C = Dx, eXp(——E)cosh(e),

[

e .
Dysep?ere = ~Dxete exp(—E)smh(e).
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In particular, we note the following facts which except for (7) have
been known for some time.

Lemma 3.13. Let c € Hy(X;Z). Then for all z € A(X):

(1) Dy ,gpe (€2*412) =0 for all k > 0.
(2) Dy v (2) = Diel2).

(3) Dyuep2 (€°2) =0.

(4) Dyyep2 (€'2) = —2Dx,(2).

(5) Dy ep® crel€2) =0 for all k > 0.
(6) Dyuep? cro(€?) = Dxc(2).

(7) Dy g2 o40(€2) = —Dx,c(22).

Item (7) was first proved by Austin and Braam [4] and Leness [26],
and item (6) by Kotschick [23].

3.4. An inductive construction of E(n)

First we establish some notation. For positive integers p, ¢, and 7,
let B(p,q,r) denote the Brieskorn manifold associated to p, g, r; i.e., the
Milnor fiber of the link of the isolated singularity of z# +y? + 2" = 0
in C3. Then B(p,q,r) is a smooth 4-manifold with boundary, and if
p, q, and r are pairwise coprime then 8B(p,q,7) = X(p,q,r) is the
corresponding Brieskorn homology 3-sphere. In general, b;(B(p, ¢q,7)) =
(p—1)(g—1)(r—1) (cf. [5]). Two simple examples are B(2,3,5) which is
a plumbing manifold whose intersection form is Eg (negative definite),
and B(2,3,11) whose intersection form is 2Es & 2H.

We claim that E(n), n > 2, can be decomposed into three pieces

E(n) = B(2,3,11) UC(n) UB(2,3,6n — 11).

The first is the Milnor fiber B(2,3,11). The second is a cobordism C(n)
between —¥(2,3,11) and —X(2, 3,6n — 11) with intersection form

0 1
Qo) = (1 _n> ,

which is obtained from ¥(2, 3, 11) by attaching two 2-handles. In Figure
1, the result of attaching the four 2-handles with framing —1 to the 4-ball
has boundary ¥(2,3,11). The cobordism C(n) is obtained by attaching
the further 2-handles with framings 0 and —n. (In all of our handlebody
pictures, the boundary of the handlebody to which we attach handles
is indicated with framings that are within parentheses.) These two 2-
handles represent the homology class f of the fiber and the homology
class s,, of a section. The third piece is the Milnor fiber B(2, 3,6n —11).
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Proposition 3.14. Forn > 2, B(2,3,11) UC(n) U B(2,3,6n — 11)
is diffeomorphic to E(n).

Proof. For n = 2, this is a well-known fact [22]. The elliptic
surfaces E(n), n > 2, can all be constructed as fiber sums, E(n) =2
E(2)#;E(n — 2). Generally, E(m) has a decomposition E(m) = G, U
B(2,3,6m — 1) with the union along (2, 3,6m — 1) [21]. The manifold
G, with boundary —X(2,3,6m — 1) is known as the “Gompf nucleus”
of E(m). It is a regular neighborhood of the union of a cusp fiber and
a section of E(m).

Using these facts we can write our fiber sum decomposition of E(n)

as
E(n) = B(2,3,11) U (Go#;G,_») U B(2,3,6n — 13).

There is a standard embedding of B(2,3,6n—13) in B(2,3,6n—11) (cf.
[13]). Since by(B(2,3,6n — 13)) = 2(6n — 14) and 6,(B(2, 3, 6n — 11)) =
2(6n — 12), the difference is a cobordism V(n) with b2(V(n)) = 4 and
OV (n) =2(2,3,6n—11) — (2,3,6n—13). The cobordism V (n) is illus-
trated in Figure 2. It is composed of the two —1, —2-pairs. (The other
six 2-handles when attached to the 4-ball have boundary ¥(2, 3, 6n —
11).) The fiber sum Gy#;G,—» is shown in Figure 3 (cf. [21]). Com-
paring the two handlebodies we see that Go#;G,p = V(n) UC(n). It
follows that

E(n) = B(2,3,11) UC(n) UV (n) U B(2,3,6n — 13)
= B(2,3,11) UC(n) U B(2,3,6n — 11).

Let W(n) = C(n) U B(2,3,6n — 11) with W (n) = —X(2,3,11), so

that
E(n) = B(2,3,11) U W (n).

Now 8B(2,3,11) bounds another interesting manifold C(2,3,11) ob-
tained as the union C(2,3,11) = B(2,3,5) U D, where D is constructed
by attaching one 2-handle to ¥(2,3,5) along the —1- framed knot in
Figure 4.

Proposition 3.15. C(2,3,11) UW (n) = E(n — 1)#CP .

Proof. Note that

E(n-1)=B(2,3,5) UG #,;G,_2UB(2,3,6n — 13),
so that

E(n — 1)#CP " = B(2,3,5) UG1#;G,_o#CP_ UB(2,3,6n — 13).
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The cobordism G,# fGn_z#C_P_2 is given in Figure 5 and is obtained
by attaching seven 2-handles to ¥(2,3,5). By sliding e over e; we ob-

tain Figure 6. Thus D C Gl#fGn_Q#ﬁz. The complement of D in

G1aﬁzﬁva'.n_zal#C_P2 can be seen to be Go#t;G,,_» by sliding f; over e+e,
and then over e; to obtain Figure 3. Therefore

E(n—1)#CP° = B(2,3,5) UG #;Gn#CP U B(2,3,6n — 13)
= B(2,3,5) UD U Ga#;Gn_> U B(2,3,6n — 13)
= C(2,3,11) UW (n).

In our study of E(3) and E(Z)#W2 we shall need specific informa-
tion about some important homology classes in the various pieces. As
usual, let f and S, € H,(E(n);Z) denote respectively the homology
classes of the fiber and a section. Let € € H?(D;Z) denote the gener-
ator for the homology class of D so that &2 = —1. Figure 7 shows the
cobordism from ¥(2,3,5) to X(2,3,7) in E(2)#ﬁ2 arising from the
embeddings B(2,3,5) C B(2,3,7) C E(2). Sliding “s;” over “e” gives
Figure 8. This can also be obtained from Figure 1 with n = 3 by sliding
“g” over “f”. This shows that s; = s3 + e and that e = e — f. Define
03 = 3f+2s3 € Hy(E(3);Z). It is crucial to note that W (3) is contained
in both E(3) and E(2)#CP _. Since f, 03 € Hy(W(3); Z), we may view
them as elements of either H,(E(3); Z) or Hy(E(2)#CP ; Z). We have
02=0,03-f=2,03-e=2,03-é=0,e-é=—1,and f-€=0.

3.5. The low coefficients for E(3)

For most of this and the next subsection we will drop the bound-
ary value in the notation for relative Donaldson invariants. Here, an
important comment concerning the relative Donaldson invariants for
B(2,3,11) is in order. Recall that as in Lemma 3.3, we have the gen-
erators «, 8 of HF,(X(2,3,11)) with the grading reduced to Z,. Since
B(2,3,11) has a big diffeomorphism group, all its homogeneous relative
invariants Dgi()z’s’u),wﬂ are simply multiples of powers of the intersec-

tion form. In particular, they all have even degree and boundary value
B. Now let wp be any class with w% = —2 (mod 4). Then —1 =
Dr)ws (1) = (Dps11),0s (1), Da,(1)); 80 —=Dp2,3,11),0s (1) = De, (1)
= £1. (Recall that 1 € A(X) is the unit in degree 0). We take as
standard the orientation of the moduli spaces which comes from the
complex structure inherited from E(2) so that Dg,(1) = +1.

Lemma 3.16. The relative Donaldson series of B(2,3,11) is

Dxesinwes = (—1)1% exp(Q/2) - .
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Proof. Let o € Hy(B(2,3,11)). For each d,

(bB(Z,B,ll),wB(azd)aDG2(1)> =EE(2),WB(02'2) ,
= (2d)(—1)2v5 3= (a?) .

Lemma 3.17. DE(g) (53) =1= _DE(3),53(1)'

Proof. That D(s;) = —D,, (1) follows from Theorem 3.6, and
D,, (1) = £1 by [13]. When the moduli space M, is given the ori-
entation induced from the Kéhler structure on E(3), the sign is ‘+’.
Since the canonical class of E(3) is Kgs) = f, this complex orientation
compares with the one obtained using ¢; = s3 by (—1)3(5+s:f) = _1,
So Dy, (1) = —1.

Let w € Ho(E(3); Z) satisfy w-f =1 (mod 2). Then by Theorem 3.9,

23

(4) Dgs)w = exp(Q/2) ;Czi,w (J;—Z),'

Lemma 3.18. In the ezpression above, co,, = (—1)3@ ),

Proof. The group Diff(X) acts on the set of w € Hy(X; Z,) satisfy-
ingw-f =1 (mod 2) with four orbits, according to whether w? and w- f
are congruent to 1 or 3 (mod 4). This follows from the existence of suf-
ficiently many spheres in E(3) of self-intersection —2; cf. [17], [19]. If o
is represented by a sphere of self-intersection —2 in B(2,3,11), the four
orbits are represented by o + s3, 353, S3, and o + 3s3. We have just seen
that Dps)s,(1) = —1. By comparing orientations, Dgs)ss,(1) = 1.
Applying Theorems 3.6 and 3.5 thus yields

1 1
Di@)o4s(1) = =Dr(),0(s3) = =5 D) (0°53) = 25 Dpa(ss) = 1,

where the next-to-last equality follows from Lemma 3.16. Again, com-
paring orientations shows that Dpgs)st3s,(1) = —1. All these results
are checked to be consistent with ¢o,, = (—1)2@*+o9),

Next let w € Hy(E(3);2) satisfy w- f =0 (mod 2). Then by Theo-
rem 3.9 we have

00 Fr
(5) Dg@). = exp(Q/2) Z%H’wm'
Lemma 3.19. Letw € Hy(E 2} with w- f = 0 (mod 2) and

w-s3 =0 (mod 2). Then ¢, = ( 1) (w +wf)
Proof. By Theorem 3.6 and Lemma 3.18 we obtain

DE(S)M(S3) = _DE(S),w-i-sz(l) = _(_1)%(w+53)-(w+sa+f) = (_1)%(W2+w.f) .
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3.6. The Donaldson series for E(n)

We shall now complete the proof of Theorem 3.1. Recall our notation
o, [ for the generators of HF,(2(2,3,11) when graded by Zj.

Lemma 3.20. Suppose that éc € Hy(C(2,3,11);Z) and éc-€=0
(mod 2). Then Dcg23,11),¢0(€) = —(—1)%(€?+€c'e) - B.

Proof. Write ¢ = 7 + me where 7 € H5(B(2,3,5)) and m is even.
Since € = e — f, we have {c = w + me with w € H,(E(2);Z). Applying
Lemma 3.3 and Theorem 3.12 yields

(Do,3:11)60 () Dw(3)(05)) = Dy yop ¢ (€03)
- DE(2)#C_Pz,w+me((e — f)os3)
= (-1)% Dp@)w(—F (3f +2s))

= (-1) "5 (-9) = (~)EEI (),
since m is even and g3 = 3f + 25, — 2e.
Similarly, calculating the SU(2) invariant on E(3), and using Lem-
mas 3.3, 3.19 and (5) we obtain

(DB(2,3,11)(1),DW(3) (03)) = DE(3)(03) = f(Us) = 2.

But Dg(2,3,11)(1) = B; so we see that Dy 3)(03) = 28. The lemma now
follows from our first equation.

Lemma 3.21. Suppose that ¢ € Hy(C(2,3,11);Z) and éc-e =1
(mod 2). Then we have Doz 3110 (1) = (—1)3E+E9) . g,

Proof. As above, write {c = w + mé where w € Ho(E(2);Z) and m
is odd. Lemma 3.3 and Lemma 3.13 imply that

<DC(2i3r11)v€C (1)’ DW(3) (03)) = DE(2)#C_Pz,w+me(3f + 232 - 26)
(m—1)

= -2(-1)"7 Dg@w(l)

_ _2 (_1) (m—12)+w

= 2(=1)3Hee),

By Lemmas 3.16 and 3.19 we have
(B, Dw (3)(03)) = Dz (03) =2,

so Dws)(03) =2 - 8, and the lemma follows.

Next we calculate the relative Donaldson series of C(2,3,11). Therel-
ative invariant Dc23.11)¢, has components Decazi1)ec[] and
D¢ (2,3,11),¢0 18], as well as a contribution from the trivial connection. In
cases where we can apply Lemma 3.3, we can determine D¢(2,3,11) ¢, 5]

Lemma 3.22. Let {c € Hy(C(2,3,11);Z). Iféc-€ =0 (mod 2),
then

Dol = (~1HE+ exp(Q/2) sinh(2) - 8,
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and if o -e =1 (mod 2), then
Do ,311),60 18] = (—1)3€ 70D exp(Q/2) cosh(e) - .

Proof. First consider the case {¢ - € = 0 (mod 2) and write &; =
w-+me, with w-e = 0 and m even. Since {c € Ho(C(2,3,11)), éc-f = 0;
so recalling that e = &+ f, we have (¢ -& = {¢ - e. From Theorem 3.12,
it follows that

D —1) ¥ Dp(z). exp(—e*/2) cosh(e)
1)3(m+%) exp(Q/2) cosh(e)
1)2€&+40' exp(Q/2) cosh(e)
1)z 12 +ec-9) exp(Q/2)
-{cosh(&) cosh(f) + sinh(&) sinh(f)}.

Note that €2 = o - € = 0 (mod 2); so Lemma 3.3 implies that the
odd degree term in € of this expression is

<DC(2,3711)7§C [13]7 DW(3) [ﬂ])‘
Thus up to a sign, D¢(2,3,11).¢. [8] is exp(Q/2) sinh(€)-6. By Lemma 3.20,

E(2)#CP * ¢c

(
(=
(=
(=

we have Dc(z311)¢0(8) = —(—1)7€&+4c® . 3 and therefore
Dozs1) .60 18] = (—1)¥€6 0D exp(Q/2) sinh(e) - B,
since &2 = —1. If {¢ - =1 (mod 2), then we similarly obtain
D, . .es2, = (—1)2€tece) exp(Q/2)sinh(e)

E(2)#CP " ¢
= (~1)HeEHe 9 exp(Q/2)
-{cosh(€) sinh(f) + sinh(&) cosh(f)},

and from Lemma 3.3 the even degree term in € is

<DC(2,3,11),§c [ﬂ], DW(3) [ﬂ])

Similarly to the other case, the result now follows from Lemma 3.21.
Next we assume inductively that Theorem 3.1 holds for E(n—1). We
now inductively determine the relative invariants of W(n).
Lemma 3.23. Letn € H,(W(n);Z). Ifn- f =0 (mod 2),

D () 1[B] = (1)} +=27 exp(Q/2) sinh™ > (f) - B,
then and if n- f =1 (mod 2), then
Dy (w1l = (=1) 57 +=271 exp(Q/2) cosh™ () - B.
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Proof. Letn-f=m, and set { =me+n € Hy(E(n — 1)#@2; Z).
Then £ -e = ¢-(e+ f) = 0, and we may view £ as an element of
Hy(E(n —1); Z).

Assume first that m = 0 (mod 2). By the inductive hypothesis and
Theorem 3.12,
opre = (1) FEHO0ED exp(Q/2) sinh™*(f) cosh(e)

= (=1)3E+ (=3¢ oxp(Q/2){sinh™ () cosh(f) cosh(&)
+ sinh™?(f) sinh(é)}.

Applying Lemma 3.3, we see that the odd degree term in € of the above
expression is

(De2,3,11),melB), Dw (3),4[8])-
By Lemma 3.22,

Dc(2,3,11),me[ﬂ] = (“‘1)% exp(Q/2) sinh(e) - B
= (—1)¥"F exp(Q/2) sinh(e) - B.

Hence Dy 3),,[0) = (" +(n=2)n1) exp(Q/2) sinh™ 2 (£) - B.
Next,ifp-f=m=1 (mod 2), then
D =2, = (=1)HEF=IED 6xp(Q/2) cosh™ 3 () cosh(e)

E(n—-1)#CP" ¢

= (—1) =) exp(Q/2)
- {cosh™?(f) cosh(€) + cosh™ (/) sinh(f) sinh(&)}.

This time, Lemma 3.3 implies that the even degree term in € in the
above expression is

(De(2,3,11),melB); Dw(s).q[6]),

and the lemma follows as in the other case.
By Lemma we have for any wg € H,(B(2,3,11);Z),

Dp@e311)ws = (—1)%5 exp(Q/2) - B
Thus for any w = wp + 7 € Hy(E(n); Z),

Dy = {(—1)35 exp(Q/2) - B, Dw(n).1[8])-
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Ifw-f=0 (mod 2), then

Doy = ((—1)2% exp(Q/2) - B, (—1)7" +(>=2m)
-exp(Q/2) sinh"*(f) - B)
= (=1)3H0-29D exp(Q/2) sinh™2( ),
and f w- f =1 (mod 2), then

Demyw = (1)1 exp(Q/2) - B, (—1) 3" +(n=2n-1)
+exp(Q/2) cosh™*(f) - B)
= (~1)HHE=20N) exp(Q/2) cosh™2(f).

This completes the proof of Theorem 3.1.

4. Relations for embedded 2-spheres

The goal of this section is to prove the following theorem, which is
the foundation of the theory expounded in this paper.

Theorem 4.1. Let X be an oriented simply connected 4-manifold of
simple type, which contains an embedded 2-sphere S representing an ho-
mology class o with self-intersection o0* < —2. Then there are constants
A; 1, and B; depending only on o2, such that for z € A(c*),

k
f)( %2) = ZA D( 22 2) +Ak+1,kba(z) if o®=~(2k), and
j=1
k—1 X
2k 1 B Zk 2i—1 ) +Bk,kDa'(Z) ’Lf 0'2 = ~(2k + 1) .
i=1
As we have mentioned earlier, the case 0 = —2 is due to D. Ruber-

man {32]. His result served, in part, to motivate the above theorem.

Consider first the case where 0> = —(2k + 1). Let N be a tubular
neighborhood of S. It is the 2-disk bundle over S? of degree —(2k + 1),
and ON is the lens space L = L(2k + 1,—1). Let X, be the closure of
X\N;s0X =NUX, and Xy = L = L(2k + 1,1). Let ¢ be the
generator of the character variety xsu)(L) of SU(2) representations of
71 (L) mod conjugacy. For 1 < m < k the p-invariant of (™ is

16m?

p(¢ )=2—8m+m,

(see e.g. [28]) and p(¢°) =0
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It will be important to understand the anti-self-dual reducible con-
nections on N (with an infinite cylindrical end L x [0, 00)). Let A be the
complex line bundle over N with {c;(\),0) = —1, and let My ()¢ @ Xf)
be the moduli space of finite action anti-self-dual connections on M\ @ \¢.
Such connections are asymptotically flat, and their boundary value is
conjugate to ¢¢. Let 6(£) be the dimension of the stabilizer of ¢f. Since
02 = —(2k + 1), we have for 1 < £ < k, 6({) = 1, and §(0) = 3.
Furthermore, the Atiyah, Patodi, Singer’s Theorem [2] gives

o) + p(¢h)

dim My (M)t = 8c2(A‘@Xf)—g(e(N)+sign(N))— ® 5 =40-3

for 0 < £ < k. Here, c;(\ @ M) = 555

For a fixed x < k, we wish to calculate D(0?*"'2) for an arbitrary
monomial z sitting, say, in degree d in the graded algebra A(c') (and
so that, say, deg D = 2k — 1 + degz (mod 4)). To make this calcula-
tion we shall use important techniques due to Cliff Taubes [35], [36],
[37], [38]. As we have stated in the introduction, an alternative ap-
proach is provided by the thesis of W. Wieczorek [39]. His technique
involves a partition of the compactified moduli space into compact do-
mains equipped with fixed framings of the basepoint fibration over the
boundaries. Using this partition, he is able to prove Propositions 4.5,
4.6 below by evaluating relative cohomology classes.

First we need the following notation:

My pli]  denotes the cylindrical end moduli space consisting
of finite action anti-self-dual connections on N asymptotic to ¢*
and of dimension 4¢ — 3 4+ 8b, b > 0.

Mx, «s[7] denotes the cylindrical end moduli space consisting
of finite action anti-self-dual connections on X, asymptotic to
¢? and of complementary dimension

(2d + 4k —2) — (45 — 3+ 8b+6(j)),  b>0.

My 4[i,7] denotes the cylindrical end moduli space consisting
of finite action anti-self-dual connections on L x R asymptotic
to ¢* at —oo and to ¢/ at +oo and (by Lemma 4.2 below) of
dimension 4(5 — 1) — (%) + 8¢, ¢ > 0.

Since My o[i] = Mn(\' @ ) and instantons can be grafted into
this moduli space, the moduli space My [i] is nonempty and contains
a reducible anti-self-dual connection. All connections in these moduli
spaces decay exponentially at co (and at —oo). The moduli spaces
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My 4[i, j] were studied in David Austin’s thesis [3] and by Furuta and
Hashimoto [20].

Lemma 4.2. For 0 < 4,57 < k, any nonempty moduli space on
L x R with boundary values (¢ at —co and (? at +oo has dimension
4(j — i) — (i) + 8t for some t > 0.

Proof. Let M_[i, j] be the moduli space in question, and first assume
that the reduced moduli space M [i, j] = M_[i, j]/R, the quotient by
translations, is compact. According to [3], [20] each compact M} [¢, 5] is
either 0 or 2-dimensional. From (3, §§4.2, 6.2] we see that if the compact
moduli space M} [i,j] is nonempty, then it comes from a bundle over
L x R which has ¢; = —ab/(2k+ 1) where a = j+7 and b = j —i. If we
write j = i+r, then ¢, = —7(2i+7)/(2k+1). Using the p-invariants of L
given above, the index theorem [2] gives dim M [i,i+7] = 4r —6(i) — 1.
When ¢ # 0, this moduli space can be compact only when r =1 (and it
is 2-dimensional). When ¢ = 0, if compact, then dim M} [0, j] = 45 — 4;
so j =1, and M7[0, 1] is 0-dimensional.

To prove the theorem in general, use the fact (see [16]) that for any
M_y[i,j] we can expand an end of M/[i,j] into compact pieces; i.e.,
write an end locally as

M5, 6] X G(41) X R X ... x G(£s_1) x R x MYy [6;_1,4],

where £, = i, ¢, = j, each My[f;_1,¢;] is compact, and G(¢;) =
Stab(¢%). If 0 < i < j < k, then the shortest such path is given
by ¢, =i+ m, t = j — 1, and the theorem follows.

This lemma does not depend on the fact that 7, (L) has odd order.

To apply Taubes’ techniques, we study the cylindrical end based mod-
uli spaces My [i] and My, . ,[i] of anti-self-dual connections modulo
gauge transformations which are asymptotic to the identity. Here, the
basepoint is taken at co; this is the same as considering the orbifold
obtained by coning off the lens space L and using the cone point as
basepoint. If §(i) = 1, we have the boundary value map

Anbli] : M il = Si),

where S?[i] C SO(3) is the conjugacy class ¢* of representations of 7; (L)
on SO(3) = SU(2)/center, and similarly we have dx, . s[¢]. If 6(i) = 3
then the map O [é] is the (trivial) map to {1} C SO(3). Recall that
to define Oy 5[i] at some A € My ;[i], one needs to trivialize P over the
cylinder, and then look at the limit of the restriction of A over L x {t}
as t — oo ([28]). 5

Using the boundary value maps we form fiber products My (3] x;
Mx, «0]i] over S%[i] or {1}, as the case may be. The boundary value
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maps satisfy the following compatibility properties. (See e.g. [35], [36].)
Proproposition 4.3.  The boundary value maps Onp[i], Or 4[],
Orl7), and Ox, . sl7] are continuous maps. Furthermore, /\;tN,b[z'] X;
/\;i}d’t[i,j] can be identified with a subset of My 414[4], and M’L,tl[z’,j] X
Ay .15, 4] can be identified with a subset of M, 6,8, ete. The
boundary value maps are compatible with these identifications in that the
restriction of Onpy4[j] to the image of My s[i] x; MY [0, 4] is equal to
the map induced from 8y 4[j], etc. Furthermore, there are identifications

(Mll,,tl[ivj] Xj MIL,tz[j’ f]) X MIL,ts [f, m]
= IL,t1 [27-7] X ( IL,tz []a e] Xy¢ MIL,ts [ey m]),

as subsets of./\;l’L,tlthert3 [i,m], compatible with the boundary value maps.

From the gluing theorems of Mrowka [31], Morgan and Mrowka [30],
and Taubes [34], it follows that

My = UUMNI;[Z] X MXo,n,b[i]-
i b

Thus, letting 7 be a 3-form which integrates to 1 over the fibers of the
basepoint fibration over M, , one needs to integrate

(6) TAR(0)*™ 7 Ai(z) .-

/MN,,,[i]x;Mxo,m,,,[i]
The form fi(z) on Mx, . [i] pulls back from the form u(z) on Mx,  [i]
which contains no reducible connections. However, since 6(i) =
dim(Stab)(¢*) > 1, it follows that dim My [i] < 4x — 2; so fi(o) does
not pull back from My s[i]. (Otherwise we would have ji(c)*~* = 0
by dint of a dimension count.) This means that the SO(3) action on
M ~.s[i] which gives the basepoint map is not free. (In order to- make
this argument precise, first one needs to blow up X at a point in X, and
then to use the relation Dy ,zp2 (0% ze) = Dx(0®*'2) [29] as we

mentioned in §2. Since there are no flat connections on X, #@2 with
wy = e (mod 2), the counting argument goes through unencumbered.
We assume this done, and for simplicity we do not change notation.)
Now fi(0)?*~! vanishes near the trivial connection; so if our integral
is to be nonzero, My 4[i] must contain a sequence of connections which
converges weakly to a nontrivial reducible connection. This situation
has also been studied by Taubes in [36]. Although fi(c) does not pull
back from the base, it does define an SO(3) equivariant cohomology class
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as follows. If m : SO(3) x My ,[i] = My ,[i] is the SO(3) action, and
p: SO(3) x My 4[i] = My [d] is projection on the second factor, then
there is a smooth form w on SO(3) x My ,[i] such that m*(fi(c)) =
p*(fi(0)) + dw. This allows the construction of an SO(3)-equivariant
extension ii(c). As explained in [36] (also cf. [4]), it is important to
note that the construction of the extended form (o) cannot be made
solely in terms of data derived from N. From X, one needs the choice
of a connection on the principal SO(3) bundle Mx, . s[i] = Mx, x.s[2)-
Taubes has shown [37] that there is an enlargement of the moduli space
M pli] Xi Mx, xplt] which has a compactification as a manifold with
corners, and the forms (o), i(z), and 7 are push-forwards of forms
which extend over this compactification. Furthermore, the pullback of
the top-dimensional form 7 A ji(0)?**™! A i(z) pulls back from lower
strata when restricted over the corners. Thus the integral (6) is finite
and well-defined.

According to [37], [38], the push-forward map (On 5[¢]). to equivariant
cohomology is well-defined, and .

[ T AR A
M pli] % i Mxg, <64

= [ T REE) A @l OwaliD- (i),
Mxg.m.slil

where (0x,,x,5[?])* denotes pullback from equivariant cohomology. Tau-
bes has shown by similar considerations as above that this last integral
is well-defined.

For i = 0, Onp[0] : Mn,[0] — {1} has fiber dimension equal to
dim M ~,»[0] = 8b. So the cohomology class represented by the cocycle
(Onpli])«(f(o)?~1) is 0, because it lives in

Hsoe “({1HR) = H*"~*(BSO(3); R) =0.

If1 <i <k, then On,[i] : ./\;lN,b[i] — 5?[i] has fiber dimension 474802,
and

(Owsli)+ (B(0)*"") € HiGi) ™ (S*[il; R).
But Ho (5%[i]) = H*(CP*) is generated by a 2-dimensional cocycle
. This means that (On,[¢]).(f(0)**™!) is some multiple
my (s, 1, b)v*=~9-4_ Notice that this implies

0<i<k and bg”;’.

_To calculate (Ox,,x,5[1])* (v), note that the fact that we have 9x,,x,[i] :
Mx, xp[t] — S?[¢] implies that the basepoint fibration Bx,.s[i] :
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My s[i] = Mx, x5[i] reduces to a principal S* bundle
Vo p[8] 2 (Ox0,,0[8]) T (85) = Mixo i),

for a point s; € S?[i]. Now (Ox,xplt])*(v) represents a class in
HZos(Mxopplili R) 2 H?(Myx, li];R) since the SO(3)-action on
Mx, .x5[i] is free. The following fact is pointed out by Austin and Braam
in [4] where a differential-geometric proof is indicated.

Lemma 4.4. Under the identification of H3p s, (Mx,.5[1]; R) with
H*(Mx, «3[i]; R), the pullback (8x, . s[i])*(v) represents €, the Euler
class of the S* fibration yx, x b[t)-

Proof. One can factor the classifying map of yx, . »[¢] as follows:

as) — 81(s;) x ESO(2) — {s:} x ESO(2) = ESO(2)

T

. ~ — 8
MXO,,C,[,[Z] — 8 1(8,‘,) XSO(2) ESO(2) — {S,;} Xso(g) ESO(2) —> BSO(2)

This pulls back the universal class v to J*v.
We now have

[ TR AR
[i]Xianyn)b[i]

Mnb
= (i) [ AR A @il (02
Xg,k6.5(%
= my (’ia ia b)/ N(Z) A 62(n—i)_4b
MXo,n,b[i]
= Mk(K‘a Z,b) / /.L(Z) A Vn_i_zb,
Mxg,x,bli]

where My (k,%,b) = (—4)*"""?*my(k,1,b), since €* = p,(Bx, «»[t]) and
v = —1p1(Bxoxsli]). The integral

[ u@) A = Dyl
Mxg,x,6(i)

is a relative invariant on Xj. Alternatively, one may view this invariant
as a Donaldson invariant of the orbifold obtained by collapsing the 2-
sphere S C X to a point and using bundles with rotation number ¢ over
the cone point.

So far we have contributions

s 5]

2 D Mi(s,i,) D il (2 2~ *)

i=1 b=0
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to the calculation of D(o?*~'z). This does not give the complete calcu-
lation because multiple counting may have occurred. For example, the
double fiber product

MN,b[i] XiM,L,t[iaj] X MXo,n,b+t[j]

is contained in both My ,[i] X; Mxq « 5[3] and M p44[5] X; M x x4 L5]-
Thus we need to appropriately add or subtract contributions from higher
order fiber products. For example, computing as above,

[ " A i(2) A (o)
My pli]xi MYy [3,5]% 5 Mxg, e b4 13]

=mf[ ™ A Ji(2) A (B[] (07D
T ol d]XG Mx g e b2 3]

- /“ T A i(2) A (Bxg mprel]) " (070740,
Mxg,x,brld]

since the fiber dimension of 9y, ;4[] is 4(j —¢)+8¢, and where the constants
m,n depend only on o2, k, i, 7, b, and t. This is then a multiple of
Dx,[§](z z#=3-2(+1)) as before. Adding (or subtracting as necessary) all
these correction terms, we obtain

Proposition 4.5. Let 0 = —(2k+ 1) and 0 <k < k. Then for all
z € A(o?t),

& [57]

Dy (0% 12) = Z Z r, (K, 1,0) Dx, [i](z 2" ),

i=1 b=0

where the coefficients ry(x,1,b) depend only on o2, k, i, and b.

In fact, one might reasonably attribute this last proposition to Taubes
[37], [38]; we have simply provided a reader’s guide. (Cf. also [39].)

In the even case, 0> = —2k, we need to evaluate D(0?*z). Our
above arguments work in this case with very minor modifications. First,
the argument which rules out the trivial boundary value no longer ap-
plies. In this case, the boundary value map dy[0] : My b[O] — {1} has
fiber dimension 85; so (8 ,[0]).(a(c)*) € é’&g)”({l}, = R. Since
Hoi3({1};R) = H*(BSO(3); R) is a polynomial algebra generated by
a 4-dimensional cocycle u, we get (In,[0]).(i1(0)?*) = mi(x, 0, b)u 20,
By a dimension counting argument, the trivial moduli space of for-
mal dimension —3 does not contribute to the calculation of D(zo?*)
if K > 0. Furthermore, Ox, x5[0]*() = p1(Bx,). So one gets terms
Dx,[0](z z"~?*) in the calculation for 6 > 1 and k > 2. For 0 < i < &,
the fiber dimension of dn4[i] : Mns[i] — S?[i] is 45 + 80 — 2; so
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(Onp[))«(B(0)?**) = mi(k,i,b)v?(*~D=4+1  This means that we have
to integrate terms of the form

[ TN A @il (020
Moy ,m,0lil

— / ,u(z) A g2(n—i)=4b+1
Mxg,e,bl]
— (_4)n—i—2b/ /J‘(z) Ayn—i—Zb /\E,
Mxg,e,0li]

since €2 = p,(8) = —4v. For obvious reasons, we shall denote this
last integral as Dy, [i](z 2~ *2b+2). For i = k, we have 6(k) = 3, and
arguing similarly to the case ¢ = 0 we see that the only contribution to
the calculation is mj,(k,%,b) Dx, [k](2).

Proposition 4.6. Leto? = -2k and 0 < x < k. For z € A(c*), if
Kk < k, then

Dx(c%2) = sk(k,1,b0)Dx, [i](z 272+ 2)

+) " 5i(%,0,0)Dx, [0](2 z°7%),

and

k=125

Dx(0™z) = si(k, K, 0Dy [K](2) + 3_ 3 s(hyi, b) D, [i](z2* =2 HH)

=1 b=0

[5]
+ Z s (k,0,b) Dy, [0](z z°7%)

b=0

where the coefficients si(x,1,b) depend only on o?, k, 1, and b, and if
& > 0 then si(%,0,0) = 0.

We are now in a position to prove Theorem 4.1. Consider first 02 =
—(2k + 1). From Proposition 4.5 we have D(cz) = r(1,1,0)Dx,[1](2)-
We claim that r;(1,1,0) # 0. To see this let X be E(3)#(2k — 2)CP
with f a fiber class and s a section class in E(3), and let e;, i =
1,...,2k — 2, be the exceptional classes. Then o = s — 21622 e; is rep-

i=1
resented by an embedded 2-sphere in X, and 0? = —(2k + 1). From
Theorems 3.1 and 3.12 it follows that the SU(2) Donaldson series of
X is Dx = exp(Q/2)sinh(f) [T cosh(e;). In general, 3(1 + bE(n) =n
(mod 4); so Dx can be nonzero only on elements of A(X) in degrees
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congruent to 3 (mod 4). Thus Dx(c%) = f-s = 1. Since 74(1,1,0) is
independent of X, it must be nonzero.
Assume inductively that for 1 < /¢ < x — 1 we have:

(1) for z € A(o%) such that 2¢ — 1 + degz = deg Dx (mod 4),

-1
Dx (0*7'2) = r4(£,£,0) Dx, [€](2) + > tx(£,4) Dx (0% '2),

i=1
- where the coefficient #;(£,4) depends only on £, i, and s*.

(2) rx(£,2,0) % 0.
For z € A(o%),

+ z: Z {W(DX (02£~lzxn—£—26)

_Ztlc e q -DX( 2¢{— 12 rz—l—2b))}.
i=1
The assumption of simple type implies that Dy (wz") = 27Dy (w) for
all w € A(X); so the above expression simplifies to

k—1

ri(k, K,0)Dx, [c](z) + Z t (5, %) Dx (0% 12).

i=1
To see that r4(x,k,0) # 0, let X = E(2x + 1)#2(k — ,‘s)_C—IT2 and let
2(k—r)
o =s— ) e wheres isasection of E(2x+1). Then o is represented

i=1
by an embedded 2-sphere in X, and 0 = —(2k + 1). We have seen that
the Donaldson series of X is

Dx = exp(Q/2) sinh® ' (f) ] cosh(e,),
where f is the fiber class of E(2x +1). We get
Dx(o*™1) = (25 — )12 1(s>71) = (26 — 1)!,

and also Dx (0?1} = 0 for £ < k. It thus follows that (2x — 1)! =
Dx (0% 1) = ri(k,k,0) Dx,[s](1); so rgx(k,s,0) # 0, completing the
induction.
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For k = k and any z € A(o%), we thus get

k—1
(7)  Dx(0%7'2) = ru(k, k,0)Dx, [k](z) + 3 ta(k, i) Dx (6% 2).

i=1

Our final task in proving Theorem 4.1 for 02 = —(2k + 1) is the
identification of Dx,[k], the relative Donaldson invariant for X,, with
boundary value (*. Let 7 denote the generator of xso(s)(L), the char-
acter variety of SO(3) representations of m; (L) mod conjugacy. Then
we may identify ¢ with ad(¢) = n®. By viewing SU(2) connections
over X, as SO(3) connections with wy, = 0, we may identify Dx,[k] =
Dx, 0[1°*] = Dx,oln], since n** = ™" =1 in xs0(5)(L)-

Consider the calculation of ﬁx,g( ) for z € A(Xy). Let w = 2z in case
degz = deg Dx,, (mod 4), and w = ;zz in case degz = degDx, +
2 (mod 4). So Dx,(z) = Dx,(w). A standard neck-stretching and
dimension counting argument show that all connections in the cut-down -
moduli space Mx ,NV,,, where V,, is the divisor associated to p(w), can
be obtained by grafting connections in Mx, [77] to a nontrivial reducible
connection over N, which lies in a moduli space of formal dimension
< —1. There is just one such connection, the reducible connection
corresponding to the SO(3) bundle A & R over N. Hence Dx,(z) =
+Dx, o[n](z) = +£Dx,|k](z). Theorem 4.1 for 0> = —(2k + 1) now
follows from (7).

To prove the theorem in the even case o2 = —2k, we have a similar
induction argument which we start with the two calculations

Dx(z) = Dx,[0](2),
22) = sx(1,1,0)Dx,[1](z %),

the second equation by Proposition 4.6. To compute the top term
Dy, [k](z), we once again pass to SO(3). This time ¢*F = n?* = 7°,
the trivial SO(3) character; so Dx,[k](z) = Dx ,(2). Theorem 4.1 for
0% = —2k follows.

In proving Theorem 4.1 we have not made use of the entire hypoth-
esis of simple type. Rather, we have only needed the assumption that
Dx(zz?) = 4 Dx(z) for all 2 € A(X). Hence by from our formula we
obtain

Lemma 4.7. Suppose that Dx(zz%) = 4 Dx(z) for oll z € A(X)
and that ¢ € Ho(X;Z) is represented by an embedded sphere of self-
intersection < —2. Then

Dx .(z2%) =4 Dx ()

Dx(o



612 RONALD FINTUSHEL & RONALD J. STERN

for all z € A(ch).

Finally, we remark that in case we do not make the assumption that
X has simple type, by keeping track of the powers of z which occur, our
proof still gives a relation.

Theorem 4.8. Let X be an oriented simply connected 4-manifold,
which contains an embedded 2-sphere S representing an homology class
o with self-intersection 0? < —2. Then there are constants A;;x and
B,y depending only on o2, such that for z € A(o™),

k-1 (254] E
D(0*7'2) = BooixDs(2) + > D BipsD(0¥ 1z 77%2),
i=1 b=0

if o= —(2k+1),

and

£ [B=FE]
D(0%2z) = AoosDo(2) + > D AjuaD(0¥72gh 72041y,

j=1 b=0

if o?= -2k,

and furthermore, A; = 0.

In the next section, we shall see that the structure theorem for man-
ifolds of simple type follows from Theorem 4.1 and the blowup formula,
Theorem 3.12, by purely formal arguments. Similar arguments should
obtain a structure theorem in general from Theorem 4.8 and the general
blowup formula [14]. We have not yet worked out the details.

5. Structure theory for the Donaldson series

5.1. The Donaldson series as a solution to a differential
equation

Throughout this section, X will denote a simply connected 4-manifold
of simple type. Suppose that ¢ € H,(X;Z) is represented by an em-
bedded sphere of square < —2. Write Dy = exp(Q/2)Kx and Dx, =
exp(Q/2)Kx . where for a € Hy(X),

Kx(a) = K(exp(a)),

which defines K € A*(X). Similarly, Kx (o) = Kx .(exp(c)). We first
rewrite our relations of the last section in terms of differential equations
for KX and KX,c'

For u € H,(X) and F € A*(X), the interior product

L F(v) = (deg(v) + 1) F (uv)
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gives a derivation. On the formal power series F on Hy(X) defined by
F(a) = F(exp(c)) this induces

9,F(a) = F(uexp(a)),

which is just the formal derivative of F in the direction u. Similarly, for
higher order derivatives, 8*F(a) = F(uf exp(a)). Also, note that the
linearity of ¥ implies that 0,,,F = 0,F + J,F.

An induction argument shows that

() 9 exp(@/2) = exp(Q/2) Y (u - i (%) (2k — 2!

2t | 26t (k —¢)!
and
(9) 0.5 exp(Q/2) k 2% (2k—2t)!
= exp(Q/2) Yo (u - w)bt gttt (2;::1[) 2*-’?k—t.)!’

where 4 is the dual form of u € H,(X) with respect to the intersection
form Q. For k € H,(X) we have

(10) Ou(e®) = (k- u)e”.

Using equations (8) and (9) we can restate the relations given in
Theorem 4.1.

Theorem 5.1. Suppose u € Hy(X;Z) is represented by an embedded
sphere. Let k > 1 be an integer. If u? = —2k, then there are constants
a;x depending only on u® such that on (u)*,

(612Lk + al,kazk_z N ak~1,k612, -+ ak,k)KX + ak+1,kKX,u =0.

If u» = —(2k + 1), then there are constants b;;, depending only on u?
such that on {u)t,

(O2F~1 4 by (O2F 2 -+ by 40, K x + b 1K x = 0.

Note that the equations in Theorem 5.1 involve both SU(2)-invariants
Kx and SO(3)-invariants Kx ,,. We first use the blowup formula (The-
orem 3.12) and our computations for the elliptic surfaces E(2k) (The-
orem 3.1) to determine differential equations, which do not involve the
Kx ., and are valid on all of A(X). At the end of this section we will
return to Theorem 5.1 to show that the SO(3)-Donaldson invariants are
determined by the SU(2)-Donaldson invariants.

It is convenient to define the differential operators

ok = 0u(0; = 2°)(0; —4%) - (9 — (26— 2)")
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and
A = (02 —1)(82 —3%)--- (82 — (2k — 1)?).

Suppose u € Hy(X) and let e € HQ(X#@z; Z) be the exceptional
class. Then the following differentiation formulas can be verified by
induction on k using the fact that d,,, = 0, + 0.:

(11) A%, :(Kx cosh(e)) = cosh(e)0,4;, _, (Kx)
— (2k — 1)sinh(e)4; ,_, (Kx),

(12) At r(Kx cosh(e))
= cosh(e)d, 4;, ,(Kx) — 2ksinh(e) A7  (Kx).
Theorem 5.2. Suppose u € Ho(X; Z) is represented by an embedded
sphere. If u? = —2k, k > 1, then on (u)*,
Az,k (Kx) == 0

Proof. We first show that there are constants d; depending only
on u? such that on (u)*

(13) ((92"_1 + dl’kaik—g + e + dk_l’kau)KX = 0

To do this, consider u + e € Hy(X #CP ", Z). Tt is represented by a
sphere which has square —(2k + 1). By Theorem 5.1, on (u + e)*

0 2(35’121 + bl,kaiizg Rl bk—l,kau+e)quz;‘ec_P2 + bkkaX#ﬁ’-z,u-{—e

=(025" + b1 k0% + - 4 bro1 480 ) Kx cosh(e)

- bk,kKX,u sinh(e).
For the last equality we use the fact that
Kyiep?ure = Kxu sinh(e),
which follows from Theorem 3.12. Differentiating and using d9,,. =
Oy + 0., we get constants d; ; and d}; with
cosh(e) {82571 + dy 40273 + -+ - + dp—1 40, } (Kx)
— sinh(e){((2k — 1)82* 2 + d} 02 * + - + di_, ) (Kx)
+ d;c,kKX,u} == 0
Now (u +e)t = {y + (u- y)ely € H2(X)}. Note that
cosh(e)((y + (u-y)e)™) = cosh(u)(y™),
sinh(e)((y + (u-y)e)™) = -—sinh(u)(y™).
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Hence restricting the last equation to (u + €)* we get

cosh(u){@ik_l + dl’kaik_:i + -4 dk_l,kau}(Kx)
(14) +sinh(u){((2k — 1)82F% +d} 02 + - - + dj_; ) (Kx)
+ d;c,kKX,'u.} - O

Restricting to (u)* thus gives the desired equation.
To determine the universal constants d; , we substitute

Kp@r = sinh®*~?(f)

k—1
= 5—2%—_—5{2(—1)’“1” (kZ_k 1__2 r) cosh(2r f)

v (—1>'°-1§(2,f_‘12> 3

into (13) where u is a section of E(2k); so u> = —2k and u- f = 1.
(Note that if v = u + 2kf then v-u = 0 and v - f # 0; so we are not
applying the equation to a trivial situation.) For each 1 <7 < k—1 we
get the equation

k—1

(15) {@r)* 7 + > di_¢ 4 (2r)* '} sinh(2r f) = 0.

=1
The characteristic equation of (13) is given by

k—1
(16) RN dp g2 =0,

t=1

and from (15) it follows that z = 0,42, +4,+2(k — 1) are the charac-
teristic roots, which are precisely the characteristic roots of A, ;.

Lemma 5.3. Suppose that u € Hy(X;Z) is represented by an
embedded sphere. If u* = —2k, k > 0, then there are constants d;; and
d; , depending only on u® such that

cosh(u) {02! + dy 40252 + -+ + dy_1 40, } (Kx)
+ sinh(u){((2k — 1)02* > +d; 2 * + -+ + di_1 x) (Kx)
+ d;c,kKX,'u.} - O
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holds on all Hy(X). If u?> = —(2k + 1), k > 0, then there are constants
hix and h}, depending only on u® such that

cosh(u){@ik + hl’kazk—z + -4 hk_l,kai —+ h'k,k}(KX)
+ sinh(u){((2k)07" " + By 1 05F % + - + By 4 0.) (Kx)
+ h';c,kKX,u} = O

holds on all Hy(X).

Proof. The u?> = —2k case is (15) above. The odd case is proved
similarly.

Theorem 5.4. Suppose u € Hy(X;Z) is represented by an embedded
sphere of square u> = —(2k — 1) < —3. Then on all of H2(X),

cosh(u)d,4;, ,_; (Kx) + (2k — 1) sinh(u) A7 ,_,(Kx) = 0.
In particular,
0, Ay 1 (Kx) =0
on (u)*.
Proof. Again consider u+e € HQ(X#éf’2; Z). Then (u+e)? = -2k
and u+ e is represented by a sphere. Thus, by Theorem 5.2, on {(u+e€)*,
0= A%, (Ky o57) = Alpe 4 (Kx cosh(e)).

Now apply the differentiation formula (12) and restrict to Hy(X), as in
the proof of Theorem 5.2, to obtain the desired differential equation.

Corollary 5.5. Suppose that u € Hy(X;Z) is represented by an
embedded sphere of square u*> = —(2k—1) < —1. Then on all of Hy(X),
K x satisfies the constant coefficient homogeneous linear ordinary dif-
ferential equation

A7 (Kx) =0.
Proof. If u? = —1, the result follows directly from Theorem 3.12.
Suppose that u? < —3. By Theorem 5.4,
cosh(u)0, A, ;_(Kx) + (2k — 1) sinh(u) A, ;_, (Kx) =0
on all of Hy(X). Differentiate this equation to get

0 = 8, (cosh(u)8, A3, ,_, (Kx) + (2k — 1) sinh(u) A7, ; (Kx))
= cosh(u) (0} — (2k — 1)*) A} x_; (Kx) = cosh(u) 4], ,(Kx),

and the result follows.
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Corollary 5.6. Suppose v € Hy(X;Z) is represented by an embed-
ded sphere. If u> = —2k < —2, then on all of Hy(X),

Ai,m (KX) =0.

Proof. Again consider u + ¢ € Hy(X#CP ; Z). Then (u+¢€)? =
—(2k + 1), and u + e is represented by a sphere. Thus
0=A%er1Kyyop? = Al e i41(Kx cosh(e))
= cosh(e)3, 45, ., (Kx) — 2(k + 1) sinh(e) A3, ,, (Kx)

on all of Hy(X #—C—lsz). Since cosh(e) and sinh(e) are linearly indepen-
dent functions on H,(X #@2),

Ai,k+1(KX) =0.

We shall also need the following stronger result.
Theorem 5.7. Suppose u € Hy(X;Z) is represented by an embedded
sphere of square u? = —2k < 2. Then on all of Hy(X),

cosh(u) AS (82 + 2k) (Kx) + (2 + 1) sinh(u)8,A% , (Kx) = 0.

Proof. The proof is similar to that of Theorem 5.4. Consider u+e¢ €
Hy,(X #@2; Z). Tt is represented by a sphere of square —(2k + 1). By
Theorem 5.4, on (u + e)*

0=0u1eA0 et Kxuop? = OuteArye,i (Kx cosh(e)).

Apply the differentiation formula (13), and project back to Ho(X), as
in the proof of Theorem 5.4, to obtain the desired differential equation.

Now, for arbitrary v € H(X;Z), we determine differential equations
with respect to 9, that Kx satisfy. For this, the following differentiation
formulas, again proved by induction on k using 8,_,. = 38, — 20,, are
essential:

Ay 1 (Kx cosh(e)) =cosh(e) 4] ,_, (5 + 4k(k — 1))(Kx))
(17) + 2(2k — 1) sinh(e)0, 47 ;_, (Kx),

A% 5. 1 (Kx cosh(e)) =cosh(e)A; , (0] + (2k + 1)(2k — 1)) (Kx)

(18) + 4k sinh(e) 0,43 ; _, (Kx).

Theorem 5.8. Suppose u € Hy(X;Z) can be represented by an
immersed sphere with p, positive double points (and an arbitrary number
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of negative double points). If u®> = 2k +1, then on Ho(X), Kx satisfies
the differential equation

Az,pu—k(KX) = 0.

If u? = 2k, then on Hy(X), Kx satisfies
Afz,pu——k+1 (KX) =0.

Proof. To begin, suppose that u € Hy(X;Z) with v? = 2k + 1
is represented by an immersed sphere with p, positive double points
and n, negative double points. Then in X=X #pué_ls2#nu@2 the
homology class & = u — 2e; — - - - — 2e,, is represented by an embedded
sphere with 4® = 2k+1~4p, = —(2(2p, — k) —1). If a simply connected
4-manifold contains an embedded essential sphere of nonnegative self-
intersection, then all the Donaldsoen invariants of the manifold vanish
[28]. Thus 4? < 0. By Corollary 5.5, we have

A2, (Kg)=0.

0,2p, —k
Consider the differentiation formula (18). In this formula, note that if

A5 e x(Kx cosh(e)) =0
everywhere, then on H,(X) one obtains the two differential equations,
AL k102 + (26 +1)(2k — 1))(Kx) =0

and
8qu,k—1 (Kx)=0.

The common solutions satisfy
Az,k—lKX = 0

Thus for each of ey, ..., ¢e,,, the differential equation which results from
applying (18) has two fewer characteristic roots. Thus, p, applications
of this differentiation formula to

AS

0,2py,—k (KX) = 0
yields the desired result. A similar argument applies when u? = 2k.
Note that if Dx # 0, this theorem implies that p, > 2 (u®—1) if u® is
odd and p, > £ (u®—2) if u? is even. We shall improve this considerably
in Theorem 5.10 below.
5.2. The structure of the Donaldson series
In this section we shall show how the constant coefficient linear homo-
geneous ordinary differential equations given by Theorem 5.8 determine

the qualitative structure of the SU(2) Donaldson series.
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Theorem 5.9. If X is a simply connected 4-manifold of simple type,
then there exist finitely many homology classes k1, ..., K, € Ho(X,Z)
and nonzero rational numbers a,, ..., a, such that

/4
Dx = exp(Q/2) Zase”’
s=1
as analytic functions on Hy(X). Each of the classes kg is characteristic,
i.e., an integral lift of we(X), and the collection {x} is a diffeomorphism
mvariant of X.

Theorem 5.9 was first proved by Kronheimer and Mrowka [24] through
their detailed study of singular connections. The classes x, are called
basic classes. Note that since Dy is an even function if b% = 3 (mod 4),
and an odd function if b% =1 (mod 4), the nonzero basic classes come
in pairs, k, and —k,. Thus we can rewrite Dy as follows. If b% = 3
(mod 4), then

Dx = exp(Q/2) ibscosh(ns),
s=1

and if b} =1 (mod 4) then
Dx = exp(Q/2) D b,sinh(k,).
s=1

Beware that there are ambiguities when writing D x this way. We will
adopt the convention which dictates that both x, and —k, do not occur
as an argument of these hyperbolic trigonometric functions. If we re-
place the chosen x, by —«, when b} = 3 (mod 4), then the coefficient
b, remains unchanged. However, when b% = 1 (mod 4) the sign of the
coefficient b, changes.

Proof of Theorem 5.9. Write Dx = exp(Q/2)Kx. Let uy,...,u; €
H,(X) be a basis represented by immersed spheres and ordered so that
u? =2k, +1fort=1,...,0 and u? =2k, fort =£+1,...,b. Using the
blowup formula, Theorem 3.12, we may assume that no u, is represented
by a sphere of self-intersection —1. Let uj,...,u; € H(X;Z) be a dual
basis satisfying u} - u; = 6;;. By Theorem 5.8, Kx satisfies the system
of constant coefficient linear differential equations given by

Ay e —eEx) = 0 (t=1,...,0),

Aztspug—k-l—l(KX) =0 (=£+1,...,b).

Note that each equation is an ordinary differential equation in a single
variable while the other variables are held fixed. The roots of the corre-
sponding characteristic polynomials are distinct and lie in sets of inte-
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gers Ny,..., N, of orders p,, ..., ps, respectively. More specifically, N, =
{£1,£3,%£2(p,, —k:)—1} fort =1,...,4; and N; = {0, £2, +2(p,, —k:)}
fort=¢+1,...,b. Foreacht=1,...,b, let us denote the characteristic
roots lying in N; by r.j, for j, = 1,...,p:. Solving the first equation
gives

P1

Ky = Z B el

J1=1
where each 0,,®;, = 0. Substitute this expression for Kx into the
second equation. The fact that u}-u, = 0 implies that each ®;, satisfies
the second equation. Solving gives

P2
_ T2, U
q)Jl - Z q)jl,he 2,
J2=1
where each 0,,®;, ;, = 0. Also since d,,®; =0, each 9,,®,, ;, =0 as

well. Hence
P1 P2

— § § : 71,5, U T2, 5, uS
KX — le,jze 1,51 U izUz

J1=1j2=1
Inductively, we get

14! Py . .
= § .. § . . eTLi U1 Ty Yy
Kx = q)Jl,m,Jbe ! )

j1=1 Je=1

where the coefficients ®;  ; satisfy 0,,®;, . = 0fort =1,...,b.
Le., the coeflicients are constant; so we have

Y4
(19) Kx =) a.e"
s=1

as advertised. Since the functions e® : H>(X) — R are linearly inde-
pendent for distinct «, it follows that the set of classes £ corresponding
to a, # 0 is a diffeomorphism invariant of X.

To see that the coefficients a, must be rational, assume, e.g. that
b% =3 (mod 4); so as above

Dx = exp(Q/2) zp:bscosh(ns),

s=1
where b, = 2a,. Consider any u € H5(X;Z) and nonnegative integer d
with D(u?) # 0, an integer. Then

d2_1

deZ%, . 2y _ Y on(wd)b,

s=1 j= s=1
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where the coefficients 7,(u,d) are rational numbers. If we can find p
such pairs (u;, d;) such that the p x p matrix of coefficients {n,(u;,d;)}
is nonsingular, then it follows that the b, and hence the a, are rational.
However, if we cannot find p such pairs, then choose among all such pairs
so that {n,(u;,d;)} has maximum rank r, and renumber the pairs and
the k,’s so that the upper lefthand r X r submatrix A, is nonsingular.
Then for j,t > r, we can solve

—~ G

s=1

where (; is a subdeterminant of the first r rows of {n,(u;,d;)}. This
means that we can express

Dy = exp(Q/2) 3, cosh(xs),

s=1

contradicting the diffeomorphism invariance of the set of basic classes.

Since each r; ;, = u} (mod 2), each of the basic classes ry juj +--- +
7,5, Uy 1S characteristic.

5.3. Generalized adjunction formulas

Let X be a simply connected 4-manifold of simple type with a non-
trivial Donaldson invariant. According to our comments above, its basic
classes come in pairs {k;, —k,}, and

14+b6F

Dx = exp(Q/Z){Z age™ + (—1)Lzl Zase_"’}.

Theorem 5.10. Let X be a simply connected 4-manifold of simple
type and let {k,} be the set of basic classes as above. If u € Hy(X;Z) is
represented by an immersed 2-sphere with p > 1 positive double points,
then for each s

(20) 2p —2 >uf+ |k, - ul.

Theorem 5.11. Let X be a simply connected 4-manifold of sim-
ple type with basic classes {ks} as above. If the nontrivial class u €
H,(X;Z) is represented by an immersed 2-sphere with no positive dou-
ble points, then let

{rks|s=1,...,2m}

be the collection of basic classes which violate the inequality (20), and
thus K, - u = £u? for each such k,. Order these classes so that k, - u =
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~u? (> 0) for s=1,...,m. Then

14T T

m
(21) S aett — (1) Y g =0.
s=1 s=1

The exceptional cases in Theorem 5.11 do indeed occur; e.g. when
u is the sum of (£) exceptional divisors in X #kﬁz. It could be that
these are precisely the exceptional cases.

Proofs of (5.10) and (5.11). We have

p
Ky = E aze” .
s=1

To begin, suppose that u € H,(X;Z) is represented by an embedded
sphere with u? = —(2k — 1) < —3. Applying Corollary 5.5 to Kx yields

p
Z as A3 i (e™) =0.
s=1

Now the x, are characteristic; so &, - u # 0, and d7(e™) = (ks - u)"e*.
Thus for each s, k, - u is a characteristic root of A7 ;, hence s, - u =
+1,43,...,+(2k —1). Inequality (20) is satisfied unless £, -u = +(2k —
1). Apply Theorem to Kx to obtain

(22) cosh(u) {325, as(ks - u) A 41 (e™)}
+(2k — 1) sinh(u){3%_, a, A%, _,(e*)} = 0.

The left-hand side of (23) is 0 for all those x, with &, -u # £(2k — 1),
for such &, - u are characteristic roots of A7, ;. To deal with those s
with &, - u = £(2k — 1) we reorder the basic classes as in the statement
of the theorem so that &, ..., K, are those satisfying x;-u = +(2k — 1)
and then —&,,...,—£,, are the others. Hence (23) becomes

0 = (2k—1){cosh(u) + sinh(u)} i as Ay ;1 (e™)

s=1
+(2k — 1){— cosh(u) + sinh(u)}§ ¥ a, A%, (e™")
s=1
= (2k—1)q(2k—1) {Z ase™t -6 a7}
s=1 s=1

1+t . .
where § = (—=1)7=, and ¢ is the characteristic polynomial of A7, , ;.

(Note that ¢ is an even function.) Since 2k — 1 is not a characteristic
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root of A3, ,, q(2k — 1) # 0, it follows that

m

m
Zase”‘“L“ ) Zase_”’_“ =0.

s=1 s=1

Remark that the case left out, namely that u is represented by an
embedded 2-sphere of square —1, is dealt with handily by the blowup
formula, Theorem 3.12.

Similarly, if u> = —2k < 0, apply Corollary 5.6 to Kx to get

p
Z asAZ,k—i—l (ens) = 0,
s=1

so that x-u is a characteristic root of A ; |, hence k,-u = 0,+2,+4,. ..,
+2k. Again, (20) is satisfied unless k, - u = +2k. As above, we use the
stronger differential equation given by Theorem 5.7 to obtain

m m
Zasens—i-u _ ézase—fcs—u =0,
s=1 s=1

where k;,-u=—-2kfor s=1,...,m.
The upshot of all this is that unless

m m
Zase"””‘ - JZase—"_“ =0,
s=1 s=1

we have that for all s,
-2 > u? + |k, - ul.

More generally, suppose u € Hy(X;Z) is represented by an immersed
sphere with p > 0 positive double points and n negative double points.
Then, in X = X#p@z#nﬁ2 the homology class &t = u—2e; —«-- —
2e, is represented by an embedded sphere and 4% = u? — 4p, which is
negative if Dx # 0. The basic classes of X are of the form

ks =Ks;Ete - -tepyn.

Let {£1}71" = {£(1),...,£(2°"")}. If there is an exceptional case of the
theorem occuring here, then there are basic classes R, , = ks, +&(n)1e1+
«++ 4+ &(n)ptnepin such that

(23) > agnefortt — 6% a, et =0
However, '
Rsm+ 0=k +u+ Y (£(n); — 2e;,
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so classes {&sn + @, —R;sm — 4} are distinct. Hence the exponentials
occuring in (23) are linearly independent, a contradiction. Thus there
are no exceptional cases and

-2> 4%+ méa,x{|(/<as tep o tep,) - (u—2e — - —2¢)|}

This also satisfies the inequality
2p — 2 > u® 4+ max |k, - ul.

Finally, if p = 0, and we are in the exceptional case, then we obtain
the analogue of (21) for 4, and the exceptional classes factor out leaving
the desired equation.

Suppose that X is a simply connected compact complex algebraic
surface, and let kx denote its canonical class. If C is an algebraic
curve representing an homology class ¢ € Ho(X; Z), then the adjunction
formula gives

29(C) —2=c®+kx ¢
where g(C) is the genus of C. There are currently no known examples
where kx is not also a basic class for X. This problem has been studied
by R. Brussee [6]. At any rate, suppose that it is the case where some
Ks = Kx, and suppose that there is a smoothly immersed 2-sphere T' in
X, with p positive double points, which also represents the class ¢ of
the algebraic curve. Applying Theorem 5.11 we obtain

2p—2>c 4+ kx-c=29(C) -2,

except in the exceptional case of Theorem 5.11. In the exceptional case,
T is embedded, and we can introduce a positive-negative pair of double
points, and then apply the theorem.

Theorem 5.12. Let X be a simply connected compact complex
algebraic surface, and suppose that its canonical class Kx is a basic
class. Let C be an algebraic curve representing an homology class ¢ €
Hy(X;Z), and let T be a smoothly immersed 2-sphere with p positive
double points also representing c. If p > 0 or if p = 0 and kKx does
not give the ezceptional case of (5.11), then p > ¢(C). Ewen in the
ezceptional case of (5.11), p =0 and g(C) < 1.

This theorem for ¢ > 0 follows from the work of Kronheimer and
Mrowka. However for algebraic curves of negative self-intersection, these
are the first known bounds.

5.4. SO(3) Donaldson invariants

We shall show how our basic recurrence relations precisely determine
the relationship between the SU(2) and SO(3) Donaldson series. The
following theorem has also been proved by Kronheimer and Mrowka.
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Theorem 5.13. Let X be a simply connected 4-manifold of simple
type, and let c € Hy(X;Z). Then

p

Dx. = exp(Q/2) Z( 1)E(Herg

s=1

Proof. Write Dx = exp(Q/2)Kx, and suppose first that ¢ €
H,(X;Z) is represented by an embedded sphere with ¢* = -2k, k£ > 0.
Apply Lemma 5.3 to

D
Ky = Z age
s=1

to see that there are constants d;; and d;, depending only on ¢ such
that on H,(X),

—sinh(c) d,  Kx
=cosh(c Zase {(Ky - )Y + dy (ks - €)%
s=1
+ o Fdpor (ks 0)}
bsinh(e) D e {(2k = 1) (5, - )2 + s, - %
s=1

F ot dy (ks -0 gy}

It will be convenient to define polynomials A(z) and Bi(z) by

Ak(Z) = sz_l + dl,kz%‘S + 4 dk—l,kZ7
Bi(z) = (2k—1)2"72+d} 2 - iy 2+ g,
SO
—sinh(c) d;  Kx,. = cosh(c ZAk K+ C)age”
14
(24) + sinh(c) ZBk(I{s - c)age™
s=1

Let X = E(2k) with c the class of a section. By Theorem 3.1, we
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have
Kgiern = Sinhzk_z(f)
! - k—1+r 2k -2
= 7= { g(—n 1| cosh(2rf)
1/2k—-2
and

—Kg(r),e = cosh™%(f)
1 21/ 9%k -2 1(2k -2
= 553 {; (k iy cosh(2r f) + Il g1 }.

Now substitute this into equation (24). Since sinh(c) cosh(2rf) and
cosh(c) sinh(2rf) are linearly independent as functions on H,(E(2k)),
forr=1,...,k — 1, we get equations

(25)  Ap(2r) = (2r)* 7 4 dy 1 (2r)F 3 4+ dpy 1 (2r) = 0,

By(2r) = (2k — 1) (2r)** 72 +d; , 2r)* 7 + -+ dy 1 (27) + di_y
= (~DHridy,
d;c-—l,k = (_1)k+1d;c,k .

Note that if d; , = +d}_, , = 0 then £2,...,£(2k — 2) together with
0 of multiplicity 2 are solutions of the polynomial equation of degree
2k — 2: Bi(z) = 0. Thus d} , # 0.

Returning to the case of a general ¢ represented by an embedded
sphere with ¢ = —2k, let ¢(z) be the characteristic polynomial of
A§ 141+ By Corollary

14 p
0= Z as A €™ = Zase"’q(ns - ¢).
s=1 s=1
Since the functions e®s are linearly independent, the integers &, - ¢ are
characteristic roots of A, .,, and so each |Ks - ¢| = 2ry < 2k. Relabel
the basic classes so that as in Theorem 5.11, k,-¢ = 42k and K44; = — K,
fors=1,---,m,and |k, -¢c| <2k —2for s =2m +1,...,p. Then

m m /4
Kx = E ase® + ¢ E aze " + E ase*,
s=1 s=1

s=2m+1
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where § = 1 if b% = 3 (mod 4) and § = —1 if b% = 1 (mod 4). Plug
(25) with 2r, = £k, - ¢ into (24) to obtain

— sinh(c) d;c,kKX,c = cosh(c)Ak(2k){Z ase — 4 Z ase—m} +0

s=1

(26) + sinh(c) By, (2k){z ase™ +6 Z ase”"}
s=1 s=1
/4

—sinh(c) Y (-1)¥"dj ,a.e”

s=2m+1

Note that (—1)%*m = (—l)c_j_w‘£ If we write

=L+ Z 2+Kc agse®,

s=2m+1

then

—sinh(c) d} ,L = cosh(c) A¢ 2k){D _ a.e™ — 6> _ ae™™}

s=1

+ sinh(c) By, (2k){z ase™ + 46 z ase” ™}

s=1 s=1

But by Theorem 5.11 we have

m m
> ae™t =6 a0 =0,
s=1 s=1

and therefore

_sinh(c)d}, L = %(Ak(%) _Bu2k) S agene

s=1

(27) —%J(Ak (2k) — Br(2k)) in: ase”*te,

Next, let K be the K3 surface blown up 2k times, and let ¢ = e; +
ctegp. It follows from Theorem 3.12 and Corollary 3.10 that the basic
classes for K are kK, = +e; ey + -+ + ey with

1 P
Kp=2-3 e
K p;e

and

P 2k
S CI

“GI'—‘
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where p = 2%*. Label the basic classes for K so that x; = —c and
ko = ¢. These are the only two basic classes for which |, - ¢| = 2k. In
this case, (27) gives
—2d,, ;, sinh(c) cosh(c) = (Ax(2k) — By (2k)) sinh(—2c)
= —~2(Ax(2k) — Bi(2k)) sinh(c) cosh(c)
ie.,
;c,k, = Ak(Qk) - Bk(2k)

Thus (27) becomes

1& 1. &
H — Ko — —Ks+
—sinh(c)L = 5 2 ase™ ¢ — 552_:&36 ¢
s§= s=1
m 1 m
= e ¢ €5 ——€e6 ) ae ™
= 1

since the term in braces is 0 by Theorem 5.11. Adding terms gives
—sinh(c)L = — sinh(c){z ase™ + 4§ Z ase "}
s=1 s=1

as desired.
A similar argument works for ¢2 odd, and to obtain the general for-
mula, just represent ¢ by an immersed surface, blow up to obtain a

sphere and then use the fact that the basic classes for X #kﬁz are of
the form K, +e; ey & --- £ .

We conclude by giving a somewhat simpler characterization of the
simple type condition, namely that it suffices to check the condition
only on the SU(2) invariant.

Theorem 5.14. Let X be a simply connected 4-manifold whose
Donaldson invariant satisfies the condition Dx(zz*) = 4 Dx(z) for all
z € A(X). Then X has simple type.

Proof. We must show that the condition is also satisfied by all the
SO(3) invariants Dx .. Let ¢ € Hy(X;Z) and consider an immersed 2-
sphere with p positive double points representing c¢. Blow up as usual to
obtain a class &é = c—2e; —---—2e, € Hy(X;Z) where X = X#r@?z.
Let X+ X #@2 with exceptional class e, and let ¢ = ¢+e. Lemma 4.7
implies that Dy (2 2?) = 4 Dx () for all z € A(¢+). Embed H,(X) in
(¢+) by sending y to y + (y-c)e. Using polarization identities, it suffices
to consider z = y"z*¥ € A(X) for arbitrary y € H,(X). We shall prove
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the theorem by showing that Dy .(z 2?) = 4 Dx .(2) by induction on n.
To do this we need to use a fact proved in [14], namely that there are
polynomial functions S;(z) such that

DX#E§2,a+e(zej) = Dy (2 5;(z)),

and furthermore, Sy;(z) = 0 for all j, and S;(z) = 1.
In case deg(Dx,.) = 0 (mod 2), begin the induction by applying
Lemma 4.7 to X and ¢ to get

DX,C($k+2) = 4DX,C(CBk),
since z € A(ct). If deg(Dx,.) = 1 (mod 2), then deg(Dg,) = 0
(mod 2), and we start the induction by applying Lemma 4.7 to X and
. Let y-c=m;so y+me € {(ct), and
Dx &((y +me)* 25*2) = 2m Dy ((y Si(z) 2**) = 2m Dx . (y z***)
= 4Dz ((y + me)* 2*) = 4 (2m) Dx .(y ),

since S1(z) = 1 and So(z) = Sz(z) = 0.
Suppose inductively that Dx  (y? 2¥7%) = 4 Dy (y? 2*) for all j < n
and all k. Then Dx  ((y + me)"™! z*72) = 4 Dg ((y + me)™ ™ z*). But

Dx +((y + me)"* z**?) =D ((my" S (z)

+m3(n‘?|)' 1)yn—253(z) + “_)zk-i—Z)

=m Dx .(y"z*?)

1
+ m3 (TL;‘ )Dx,c(y"_253($)$k+2) 4. ,

and

4 D% ((y + me)"*! z*+2) =4m Dx .(y"z*)

+ 4m? (n ; 1) Dx’c(y"'zsg(z)zk) + .

so inductively, Dx .(y"z**?) = 4 Dx .(y"z*).
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